SPECTRAL DECOMPOSITION OF GENUINE CUSP FORMS OVER
GLOBAL FUNCTION FIELDS

YIFEI ZHAO

ABSTRACT. We prove a version of the twisted geometric Satake equivalence and extend
the Langlands parametrization of V. Lafforgue to certain covers of reductive groups.

This is an updated version of the same-named article in Compos. Math. 160, 1194-1260,

containing several corrections and improvements.
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INTRODUCTION

In the seminal work [Laf18], V. Lafforgue constructed the Langlands parametrization of
cusp forms for reductive groups over global function fields.

The goal of this article is to extend this parametrization to a large class of covers of
reductive groups, following the strategy indicated in [Laf18, §14]. The main new ingredient is
a version of the twisted geometric Satake equivalence, extending earlier works of Finkelberg,
Lysenko, Reich, and Gaitsgory (¢f. [FL10, Reil2, GL18]).

The class of covers we treat includes the ones considered by Brylinski and Deligne in
[BD01], so our result contributes to the Langlands—Weissman program for Brylinski-Deligne
covers, as formulated by Weissman, Gan, and Gao (cf. [Weil8, GG18]). We refer the reader
to [GGW18] for a survey of this program.

0.1. Spectral decomposition.

0.1.1. Let F be a global field of positive characteristic p. Denote by Ar the topological ring
of adeles of F. Let £ # p be a prime and fix an algebraic closure Q, of Q,, with a chosen
half-integer Tate twist Q,(3).

Our group-theoretic input is a pair (G, 1), where G is a split reductive group over F and
w is a “parameter” for covers of (the adelic points of) G.

The precise meaning of p will be explained in §0.1.5. For now, let us take for granted
that p gives rise to a topological central extension

1-A-G-G(Ap) -1, (0.1)

for some finite abelian group A, equipped with a canonical splitting over G(F).

Fix an injective character ¢ : A = QJ. The Langlands-Weissman program, in its global
function field incarnation, studies the Q,-vector space of ¢-genuine automorphic forms on
G, i.e. locally constant functions f: G(F)\G - Q, which are A-equivariant against .

0.1.2. As in the case for reductive groups, (-genuine automorphic forms admit a notion of
cuspidality, defined by the vanishing of constant terms.

Furthermore, one may constrain the action of the connected part Z° of the center of
G, by demanding our (-genuine automorphic forms to be invariant under the action of a
cocompact lattice 2 in Z#(F)\Z!, for a torus Z! isogenous to Z° with induced cover Z!. The
torus Z! appears because the induced cover of Z° may not be abelian, while 7} is abelian
and its image in G is central by construction.

Imposing these two conditions leads us to the Q,-vector space

F‘uncuSP’C(G(F)\G/E,QZ). (0.2)
The main goal of this article is to decompose (0.2) according to spectral data.

0.1.3. Let us now describe the spectral data involved. For this, we fix an algebraic closure
F of F and denote by Galp the Galois group of F/F.

To the pair (G, u), one may attach certain combinatorial data. The “classical” part of
these data consists of the root data of G together with a certain quadratic form. Using
them, one defines the “metaplectic dual group” H: This is the dual group found in [Lus93,
FL10, McN12, GL18], for increasingly general kinds of (G, u).

Contrary to the case of reductive groups, the combinatorial package associated to (G, i)
also includes certain 2-categorical data. Following Weissman’s approach in [Weil8], we
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obtain from them an extension of topological groups
1-H(Q,) - "Hp - Galp - 1, (0.3)

which we shall refer to as the L-group of (G, u). Then we proceed as in the case of reductive
groups, defining an L-parameter to be an H(Q,)-conjugacy class of continuous sections
o : Galp - “Hp of the surjection in (0.3).

Let us mention that the L-group (0.3) is not the only way to package the dual data of
(G, ). In fact, in the main body of the text, we will consider a refinement of (0.3), which we
call “metaplectic dual data” following Gaitsgory and Lysenko (¢f. [GL18]). For the moment,
however, let us use (0.3) to formulate our main result.

Theorem A. There is a canonical decomposition
Funcusp,C(G(F)\G/Evae) = ﬁH[U]v (04)

indezxed by L-parameters [o].

0.1.4. Theorem A, as stated above, is nearly meaningless. A precise version of it appears as
Theorem 8.1.6 in the main body of the text. It includes the compatibility with Hecke action
expected of the Langlands parametrization, as well as other information on the L-parameters
[c] appearing in the index set of (0.4).

The main body of the text also treats the case where G is not necessarily split. In that
case, the left-hand-side of (0.4) must be enlarged to account for different forms of G.

Theorem A is an addendum to a long series of works on the “automorphic-to-Galois”
direction of the Langlands program for global function fields, due to Drinfeld, L. Lafforgue,
and V. Lafforgue (¢f. [Dri77, Dri87a, Dri87b, Laf02, Laflg8]). Contrary to these highly
original works, the main ideas of the present text have already been laid out in [Laf18] and
[GL18]. The only contribution from the author is a new treatment of the twisted geometric
Satake equivalence, discussed in §0.3 below.

0.1.5 The meaning of u. Let us now say what u stands for. This is the only place where
our formulation of the Langlands parametrization differs from the usual one found in the
Langlands—Weissman program.

Namely, in the latter context, one parametrizes covers of G(Ar) by pairs (E,N), where
E is a Brylinski-Deligne cover of G and N > 1 is an integer such that un(F) has cardinality
N (c¢f. [Weil8]). However, this formalism leads to technical difficulties in the proof of the
twisted geometric Satake equivalence.?

Fortunately, an alternative parametrization of covers found by Deligne (¢f. [Del96]) allows
us to circumvent these difficulties. Formulated in modern language, a parameter of [Del96]
is a morphism of pointed (higher) étale stacks

BrG — BEA(1), (0.5)

where By denotes the deloop functor for étale stacks over F, and A(1) is the Tate twist of
the finite abelian group A. In this text, we let © be a morphism (0.5), which we shall refer
to as an (A-valued) étale level.?

ISee §C.1 for a more detailed discussion.

2The terminology is borrowed from the quantum geometric Langlands program (which is in turn moti-
vated by 2D conformal field theory), where an analogous notion in de Rham cohomology is refered to as a
“level”. In [Zha22], an étale level is called an (A-valued) étale metaplectic cover.
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The idea of parametrizing covering groups by étale levels entered the Langlands program
through Gaitsgory and Lysenko’s work [GL18].

Remark 0.1.6. In [Del96, §2], étale levels are described by cocycles. One may wonder why
we choose not to use this explicit description.

The reason is that in order to define metaplectic dual data, it is necessary to work with
additional structures on étale levels, which are natural from the point of view of higher
algebra but become quite cumbersome when written in terms of cocycles. For this reason,
we systematically adopt the tools of higher algebra (c¢f. [Lur09, Lurl?]) in this text.

0.2. Cohomology of Shtukas.

0.2.1. Let us sketch the proof of Theorem A, essentially following [Lafl8, §14]. We begin
by formulating an integral version of the problem.

Let X be a smooth, proper, geometrically connected curve over a finite field k, with field
of fractions F. Let D c X be a k-finite closed subscheme and X be its complement. We shall
assume that our étale level comes from a morphism of pointed étale stacks over X:

By G — BLA(L).

where By stands for the deloop functor for étale stacks over X.

Denote by Bung,p the moduli stack of G-bundles over X trivialized along D. The étale
level 41 determines an (étale) A-gerbe Spung , over Bung p, which “categorifies” (0.1) in the
following sense: A procedure akin to taking the trace of Frobenius yields an A-torsor

B_l\l_;l(;”[) g BunG,D(k), (06)

whose pullback along the uniformization map G(Ar) - Bung p(k) recovers G.
Instead of ¢(-genuine functions on G(F)\G, we shall study those defined on ]’3_1\1;1(;,]3.

0.2.2. Let us introduce, somewhat informally, two more geometric objects: the local Hecke
stack and the moduli stack of Shtukas of Drinfeld and Varshavsky (cf. [Dri87b, Var04]). The
formal definitions are provided in §1.1.3 and §8.2.2.

For a finite set I, the local Hecke stack Hecg 1 parametrizes a point z' of )Q(I, together
with a modification at z' of G-bundles over the formal disk D1, represented as

po % pl,
The moduli stack of Shtukas ShtIGVD parametrizes a point z' of )D(I, together with a
modification at z! of G-bundles over X equipped with trivializations along D:

I
(P2 %) % (P!, 9", (0.7)
as well as an isomorphism (P!, ¢!) ~ (TPY, 7¢°), where 7 denotes the Frobenius twist.
Restricting (0.7) to D 1 defines a morphism of stacks over X!:

r ShtIG,D — Hecg 1. (0.8)

0.2.3. In addition to Gpung ,, the étale level u defines an A-gerbe GHece 1 Over Hecg 1. The
key observation is that the pullback of Specq ; along (0.8) is canonically trivial.

This observation has the following practical consequence: Given a “(Guec 1, ¢)-twisted
constructible complex” A of Q,-sheaves over Hecg 1, a notion we define in Appendix B, its
pullback r*A is untwisted, i.e. a usual constructible complex of Q,-sheaves. In particular,
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one may take the (compactly supported) cohomology of r*A along the structural morphism
ShtéyD — X! to obtain “cohomology of Shtukas with coefficients in A.”® For the kind of

objects A we consider, r*A will furthermore be perverse relative to XL

In the special case I = @, the moduli stack Shth coincides with the discrete stack
Bung,p(k) and r*Ggecs o is the trivial A-gerbe. However, the canonical trivialization on
7" SGHecg o 18 not the identity map. Rather, it corresponds to the A-torsor (0.6). The coho-
mology of Shth with coefficients in Q,, taken in the above sense, thus encodes (-genuine

functions on Bung p.

0.2.4. The source of coefficients on ShtaD is provided by the twisted geometric Satake
equivalence, explained in more detail in §0.3 below.
For now, it suffices to say that this equivalence supplies a family of functors

Rep((“Hg)") - Dg ¢ (Hec 1) (0.9)

natural in the finite set I. Here, the source is an appropriately defined category of represen-
tation of I-copies of an integral form “Hy of the L-group (0.3), and the target is the derived
category of (SHQCG,I, ¢)-twisted constructible complexes of Qg—sheaves over Hecg .

In fact, we shall also need a version of (0.9) for iterated Hecke stacks, which allows us
to endow the cohomology of Shtukas with equivariance structure with respect to the partial
Frobenius endomorphisms of X!

0.2.5. With the above preparation, we are in a position to essentially repeat V. Lafforgue’s
construction of the spectral decomposition. This is done in §8 of the article. (It involves
some confusing computations with gerbes, but no serious difficulties.)

We emphasize that all of the above is already explained in [Lafl8, §14], with one minor
difference: The gerbes considered there are the gerbes parametrizing Nth roots of unity of
line bundles (where N | ¢ — 1, for ¢ the cardinality of k). The gerbes we consider are more
general, so we explain in §7 how the relevant pieces of structure on them arise.

One may summarize the situation as follows: In generalizing [Lafl8] to covers, the only
new feature is that we consider more general coefficients in the cohomology of Shtukas.

0.3. Geometric Satake equivalence.

0.3.1. Let us now discuss the twisted geometric Satake equivalence, whose proof occupies
the bulk of this article.

For this result, we may take X to be a smooth curve over an arbitrary field k.* Let G
be a split reductive group equipped with an A-valued étale level i defined over X. To pu,
one associates an A-gerbe Gyec., over the local Hecke stack Hecg. (As opposed in §0.2.2, we
assume for simplicity that I = {1} here and omit it from the notation.) We fix an injective
character ¢ : A = Q, as in §0.1.1.

In this context, we may consider the full subcategory

Satgyc(HeCG) (= D97<(H6CG)

consisting of objects whose pullback to the affine Grassmannian Grg are perverse and uni-
versally locally acyclic (ULA) relative to X.

3More precisely, we shall take compactly supported cohomology along ShtIG’D /12— )D(I, which is a relative
ind-Deligne-Mumford stack. The result is then an ind-constructible complex over X!
4For the application to global function fields, X will be the possibly open curve X of 80.2.1.
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Using several pieces of canonical structure on Guec, one may endow Satg ¢ (Hecg) with
a symmetric monoidal structure. Furthermore, one “tweaks” the commutativity constraint
on Satg ¢ (Hecg) using the sum of positive roots as for the usual Satake category (cf. [MVO07,
§6]). This results in a symmetric monoidal category

"Satg ¢ (Hecg). (0.10)

Remark 0.3.2. The above construction of the twisted Satake category (0.10) is due to
Gaitsgory and Lysenko (cf. [GL18]), based on Reich’s work [Reil2]. It differs from Finkelberg
and Lysenko’s approach to the twisted geometric Satake equivalence (c¢f. [Lys06, FL10,
Lys14]) by removing factorization line bundles over Grg from the picture.

Since [GL18] is more focused on statements than proofs, we shall supply a self-contained
construction of the symmetric monoidal category (0.10) in §1.

0.3.3. Let us now turn to the spectral side.
To the pair (G, 1), we shall attach another pair (H,v), where H is the metaplectic dual
group (cf. §0.1.3) and v is a morphism of étale sheaves of Ec-monoids over X:

v:Zy - BXA. (0.11)

Here, Zu is the character group of the center Zy of H, viewed as a constant étale sheaf.

The pair (H,v) is our version of the metaplectic dual data. Contrary to the same-named
notion introduced in [GL18], our construction of (H,v) is of group-theoretic nature and
remains valid over an arbitrary base scheme S over which A has invertible order.’

0.3.4. To formulate our version of the twisted geometric Satake equivalence, we need to add
to (0.11) a term having to do with ¥-characteristics over X.
More precisely, we shall define another E.,-monoidal morphism

v+0: 2y - BYA. (0.12)

which coincides with v whenever a ¥-characteristic over X is chosen (cf. §2.1.21).

This modification is closely related to a phenomenon known in the Langlands—Weissman
program: The L-group arises from the Baer sum of two extensions of the Galois group by
Zu(Q,) (cf [Weil8]). The addition of the ¥-term in (0.12) corresponds to the twist by
Weissman’s meta-Galois group (also known as “the first twist”).

In fact, we shall prove a precise result to this effect: Our Theorem 7.4.6 asserts that in
the function field context, Weissman’s meta-Galois group is the fundamental group of the
{£1}-gerbe of ¥-characteristics.

0.3.5. Let us write Repy for the symmetric monoidal category of H-representations on Q-
local systems over X. It is of étale local nature over X and admits a ZH-grading defined by
the action of Zy.

Using a procedure explained in §A.2, we may use the Eo-monoidal morphism (0.12) to
“twist” Repy, obtaining a new symmetric monoidal category

RepH,uH?' (013)

This is a version of the representation category of the L-group. More precisely, the
integral form of the L-group “Hx is defined so that Rep(“Hx) is monoidally equivalent to

50ur original motivation for giving this construction is that it is uniform for number fields and function
fields (cf. [Zha22]). In the present context, it also has the practical consequence of removing an assumption
on the characteristic of k from [GL18] (cf. the discussion in §C.3).
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(0.13). However, we caution the reader that this equivalence is generally incompatible with
the commutativity constraints.

From the perspective of the twisted geometric Satake equivalence, it is the symmetric
monoidal category (0.13) which appears naturally on the dual side.

Theorem B. There is a canonical equivalence of symmetric monoidal categories
"Satg ¢(Heca) = Repy 19 (0.14)

0.3.6. A more general version of Theorem B appears as Theorem 2.3.2. In the same subsec-
tion, we state various properties of our Satake equivalence which are needed for applications
to global function fields.

Let us point out that the statement of Theorem 2.3.2 has already appeared in [GL18,
§89], at least if we assume that our metaplectic dual data coincide with those of [GL18].
However, op.cit. does not provide a proof of this statement. By inspecting the existing
literature [FL10, Lys14, Reil2], we have identified at least one place where new ideas are
needed for the proof: the construction of the fiber functor.®

Let us briefly explain the difficulty involved.

0.3.7 The trouble with the fiber functor. First, we note that the A-gerbe Gpec,, is nontrivial
along the fibers over X in general, so there is no analogue of the global cohomology functor
in the twisted setting. As a substitute, we consider the constant term functor

+Sai’.97€~(I‘IeCC,',) - Satgyg(HECT), (015)

where T is the universal Cartan of G.” Let us also take for granted the twisted geometric
Satake equivalence for T, which is a symmetric monoidal equivalence

Satg ¢(Hect) ~ Repry, 40, (0.16)

for Ty the canonical maximal torus of H.

As Reich points out, Repr,, .,y may not admit a fiber functor due to the (v+v)-twist, and
therefore one cannot directly apply the Tannakian formalism to *Satg ¢(Hecg) (c¢f. [Reil2,
§V.1]). However, one may try to resolve the issue as follows: By “untwisting” both (0.15)
and the equivalence (0.16), one obtains the fiber functor as the composition of symmetric
monoidal functors

+Sat9,<(HeCG)_(V+19) - Sat97<(HecT)_(,,+19)
= (Repry, 14o)-(v+0) = Repy, — Lis(X),
where Lis(X) denotes the category of Q,-local systems on X. It is then possible to apply

the Tannakian formalism to recognize *Satg ¢(Heca)_(,+v9) as Repy, and ultimately deduce
(0.14) from this equivalence by restoring the twist.

0.3.8. To realize this strategy, however, one must construct a ZH—grading on the twisted
Satake category *Satg c(Hecg ), compatible with its symmetric monoidal structure.
With respect to the natural maps

Ty > Zny - mG,
Swe provide a detailed discussion on the status of the existing literature in §C.2-C.3.

7One needs to choose a Borel subgroup B c G to obtain an étale level ut for T. However, the resulting
category Satg ¢(Hecr), as well as the functor (0.15), is independent of the choice of B.
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this Zy-grading is supposed to be a refinement of the 7, G-grading defined by the connected
components of Hecg, as well as a coarsening of the TH—grading that one may obtain from
the semisimplicity of the (pointwise) Satake category. Note, however, that the TH—grading is
incompatible with the symmetric monoidal structure, so it is insufficient for the construcion
of the desired Zy-grading.

Let us make this discussion more concrete by considering a classical example.

Example 0.3.9. Take G = SLy and A = {1}, under the assumption chark # 2. As for the
étale level p, we shall take the canonical lift of the mod 2 étale Chern class

co mod 2 € H, (BSLy, {+1}%%).

The existence of this canonical lift is justified by the calculation of the reduced cohomology
of BSLs in degrees < 4 (c¢f. [Del96]). It induces the metaplectic double cover of SLo(F), for
F a local field of characteristic # 2.

For this choice of u, the dual group H is identified with SLo, endowed with its canonical
pinning. In particular, we have Tu ~Z and Zy ~ Z/2, while w1 G vanishes.

Furthermore, if we fix a J-characteristic over X, then Repr, ,,» is canonically identified
with the symmetric monoidal category of Z-graded Q,-local systems over X, whose commu-
tativity constraint is given by the sign rule. In particular, the functor of summing up its
Z-graded components is not symmetric monoidal. The discussion of §0.3.7 is thus necessary
already in this classical example.

0.3.10 The Zy -grading. Let us now explain the geometric origin of the ZH—grading on the
twisted Satake category, established in §5 of the present article.®

To do so, we shall view objects of *Satg ¢(Hecg) as (Garg,)-twisted perverse sheaves
over Grg (relative to X) equivariant with respect to the arc group L*G. Here, G, is the
pullback of Gyec to Grg, viewed as an L*G-equivariant A-gerbe.

The key observation is that on each connected component Gré of Grg, corresponding to
0 € G, the A-gerbe Gar, admits a family of L*G,q-equivariance structures parametrized
by lifts of 8 to Zu, for Gaq the adjoint form of G. Distinct lifts of 6 always give rise to
distinct L*G,g-equivariance structures.

The Zg-grading on *Satg ¢ (Hecq) is now defined as follows: For any € € Zu with image 6
in m G, the ¢-graded component of *Satg (Hecg) consists of L*Gag-equivariant (S, €)-
twisted perverse sheaves over Gr%, with respect to the L* G,q-equivariance structure of G,
corresponding to £. It is straightforward to verify that the ZH—grading on *Satg (Hecg)
obtained this way is compatible with the symmetric monoidal structure.

The fact that, under the Satake equivalence (0.14), the natural Zu-grading on Repy 10

corresponds to this Zg-grading on *Satg - (Hecg) seems interesting in itself.
0.3.11. A few other components of our proof of the twisted geometric Satake equivalence
have not appeared in the existing literature. They are in:

(1) the proof of semisimplicity of the pointwise twisted Satake category;
(2) the construction of the equivalence for tori;
(3) the canonical identification of the Tannaka dual group with H.

Let us discuss them in turn.

8An earlier version of this article contains a less direct construction of the ZH-grading. The present
construction makes use of the “canonical quadratic structure” established more recently in [SZ25].
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0.3.12 Semisimplicity. Point (1) is the assertion that the twisted Satake category associated
to a geometric point x of X is semisimple (¢f. Corollary 3.3.7).

As in the untwisted setting, this assertion follows from the parity vanishing of intersec-
tion cohomology sheaves on Schubert varieties (cf. [Gai0l, proof of Proposition 1 & §A.7]).
However, the proof of parity vanishing there does not apply in the twisted setting.”

That being said, at least for G simple and simply connected, the required parity vanishing
is known by Lusztig’s work [Lus94, §5], predating all works on the twisted geometric Satake
equivalence. In §3 of this article, we establish the parity vanishing following the argument
of [LY20, Proposition 3.12].

I thank Gurbir Dhillon and Michael Finkelberg for the references [Lus94, LY20]. It must
also be mentioned that the recent preprint [DLYZ25] establishes significantly stronger results
concerning Dg ¢(Hecg ;) than those in this article.

Another proof of semisimplicity, avoiding parity vanishing altogether, is suggested by
Gaitsgory and reproduced in §C.4 of this article.

0.3.13 FEquivalence for tori. Unlike [GL18], our metaplectic dual data are not defined using
the factorization structure of the affine Grassmannian. As a result, the twisted geometric
Satake equivalence for tori is less tautological for us.

We perform the necessary calculation in §4. The results there are in turn used to relate
Weissman’s meta-Galois group to ¥-characteristics (c¢f. Theorem 7.4.6).

0.3.14 Canonicity of H. We not only compute the root data of the Tannaka dual group in
this text, but also construct its isomorphism with H. This is needed for treating covers of
not necessarily split reductive groups.

In the untwisted setting, such an isomorphism is constructed in [FS24, VI.11]. There are
some intricacies involved in the twisted setting: Essentially, if we view (0.11) as an E-
monoidal morphism Ty — B§<A trivialized over the root lattice of H, then the canonicity of
(0.14) dictates which trivialization we must take. In this text, we specify the trivialization
which makes (0.14) canonical.

0.4. Convention.
0.4.1. Let us note some convention and notation used throughout this article.

0.4.2. Denote by Spc the co-category of co-groupoids, whose objects are referred to as spaces.
Denote by Spc, the oo-category of pointed spaces.

Denote by Sptr the oo-category of spectra and by °° : Sptr - Spc, the forgetful functor.
For any (classical) ring R, we write R-Mod for the oo-category of HR-module spectra.

Since the restriction of Q°° to connective HR-module spectra is conservative, we may
view a connective HR-module spectrum as a space with additional structure, and refer to it
simply as an R-linear space. Similarly, we often call a morphim of connective HR-module
spectra R-linear to distinguish it from a morphism of the underlying spaces.

0.4.3. Given a site C and an oo-category O admitting finite limits, we write Shv(C, O) for
the oco-category of O-valued sheaves over €.

We shall extensively use the iterated Bar construction for the co-category Shv(€,Spc)
endowed with the Cartesian symmetric monoidal structure (¢f. [Lurl?7, §5.2.3]). For any

9In an earlier version of this paper, it is incorrectly asserted that the semisimplicity of the twisted Satake
category can be proved as in the untwisted case. This error is pointed out by Gaitsgory.
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integer n > 0, we view the nth iterated Bar construction as a functor
B™ : Shv(€, Algg, (Spc)) — Shv(C, Spc,).

We shall also refer to B as the deloop functor.
For a Sptr-valued sheaf A over €, there is a canonical isomorphism in Shv(C, Spc,):

B"A ~ Q% (A[n]).
In other words, the value of B"A at any ¢ € € coincides with Q*°T'(¢, A[n]).

0.4.4. Given a site € and a sheaf of abelian groups A over G, we refer to a section of B2A
at ce € as an A-gerbe over c.

Contrary to most literature on banded gerbes, we denote the symmetric monoidal product
on A-gerbes additively. We find this convention more natural in view of its relation to the
Z-linear structure on B%A.

0.4.5. Denote by Ring the category of (unital, commutative) rings. A prestack is a functor
of oo-categories Ring — Spc.

By an indscheme, we shall mean a prestack Z which admits a presentation Z ~ colim,, Z,
as a filtered colimit, where each Z, is a quasi-compact quasi-separated scheme and each
transition map Z, — Z. is a closed immersion.

Given a ring R (respectively a scheme S), an R-prestack is a prestack over SpecR (re-
spectively over S). We employ the same convention for R-schemes, R-indschemes, etc.
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Tianyi Feng, Tony Feng, Dennis Gaitsgory, Naoki Imai, and Luozi Shi. T am deeply grateful
to all of them.
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Part 1. Geometric Satake equivalence
1. THE SATAKE CATEGORY

In this section, we construct the twisted Satake category. We begin by constructing a
gerbe Gpec, over the local Hecke stack Hecq in §1.1. This gerbe has a natural factorization
structure compatible with the convolution structure of Hecg. This is precisely formulated
and constructed in §1.2. Using Gpeoy, We construct the twisted Satake category in §1.3,
subject to some technical results whose proofs are supplied in §1.4. In §1.5, we define
constant term functors and study their basic properties.

Our construction of the twisted Satake category is largely parallel to [GL18], except that
we offer a more formal treatment of factorization.

1.1. The local A-gerbe.

1.1.1 Context. Let k be a field and X be a smooth curve over k, i.e. X is a quasi-compact
and separated k-scheme which is smooth of relative dimension 1.

Let G be a smooth affine group X-scheme. Let A be a finite abelian group whose order
is invertible in k. Let p be an A-valued étale level of G, i.e. a morphism of pointed étale
X-stacks:

1 BxG > BXA(1), (1.1)
where Bx denotes the Bar construction for sheaves on the big étale site of X (cf. §0.4.3).

1.1.2. Denote by Ran the k-prestack sending a k-algebra R to the set of finite subsets of
X(R). It is called the Ran space of X. For an R-point z of Ran, we write D, for the formal
completion of Xg := SpecR x X along the union of the graphs I', := UT',: over z° € z.

We shall view D, as an affine scheme and refer to it as the formal disk around z. The
formal punctured disk around z is defined to be the affine scheme Dg =Dy NIy

1.1.3. Denote by L*G (respectively L*G) the group Ran-prestack whose R-points are pairs
(z,9), where z is an R-point of Ran and g : D, — G (respectively g : Di — () is a morphism
of affine X-schemes.

Denote by Hecg the Ran-prestack whose R-points are quadruples (z,P° P! a), where
z is an R-point of Ran, P°, P! are G-bundles over D;, and « is an isomorphism of their

restrictions to Io)g. We shall represent an R-point of Hecg by the expression
po < Pl (1.2)

which we refer to as a modification of G-bundles over D, along z.

Denote by Grg the Ran-prestack whose R-points are modifications (1.2), where P? is the
trivial G-bundle.

The Ran-prestacks L*G, LG, Hecqg, Grg are called the arc group, the loop group, the
local Hecke stack, and the affine Grassmannian, respectively. For any morphism z : S - Ran
of k-prestacks, we write LY G, L,G, Hecg 5, Grg,, for their base changes along z.

1.1.4. We recall the well-known representability statements for the above Ran-prestacks,
referring to [Zhul7, §3.1] for details.

The arc group L*G is an affine group Ran-scheme (i.e. the structural morphism L*G —
Ran is representable in affine group schemes). The loop group LG is an ind-affine group
Ran-indscheme.
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The affine Grassmannian Grg is a Ran-indscheme of ind-finite type, and the map LG -
Grg, sending (z,g) to the modification of the trivial G-bundle given by multiplication by
g, realizes Grg as a quotient of étale Ran-stacks'®:

LG/L*G =~ Grg.
Likewise, Hecq is identified as a quotient of étale Ran-stacks:
Hecg ~ L*G\LG/L*G. (1.3)

Remark 1.1.5. Although Hecg is not of ind-finite type over Ran, it can be approximated
by finite type algebraic stacks as follows: For an R-point z of Ran, there is an indscheme
presentation Grg , ~ colim, Zq, where each 7, is an LgG—stable R-scheme of finite type, on
which the LjG-action factors through a finite type quotient Hg, so we have
Hecg ¢ ~ colim plim Hp\Z,, (1.4)
- (03

>

where 8 > « means that 8 ranges over a cofinal subset of indices depending on «. In other
words, Hecg , is an ind-pro-algebraic stack.

1.1.6 Conwvolution. The Ran-prestack Hecg occurs as the 1-simplices of a groupoid Ran-
prestack Hec[c';]. Indeed, for each integer n > 0, we define an R-point of Hec[él I'to be a chain
of modifications

POEpLE .. Epn (1.5)
Given a morphism f : [m] = [n] in the simplicial category, the induced morphism Hech I

Hecém] sends (1.5) to the chain of modifications
p/l@OEpTME . EpfT )

where each modification is the composition of the corresponding segment in (1.5). The
resulting simplicial Ran-prestack Hecg] is a groupoid (i.e. it obeys Segal’s axioms, ¢f. [Lur09,
Definition 6.1.2.7]).

We refer to this groupoid structure on Hecg as the convolution structure. Note that Hecl]
is the Cech nerve of L*(BG) - L(BG), where L*(BG) (respectively L(BG)) parametrizes

morphisms D, — BG (respectively D£ - BG) with z e Ran(R).

1.1.7 The A-gerbe Gpecy - The goal of this subsection is to construct an A-gerbe Gpec, Over
Hecg using the étale level u, cf. (1.1).
Indeed, in §1.1.11 below, we shall construct a morphism of spaces

[ - Maps, (Bx G, BXA(1)) - Maps(Hecg, B2A), (1.6)
D

where Maps, (+,-) denotes the mapping space of pointed X-stacks. Then we will set Specq
to be the image of u under (1.6).
This requires the formalism of trace maps, which we now turn to.

1.1.8 The local trace map. Given an R-point z of Ran, we shall construct a morphism in
the pro-category of HZ-module spectra

tr, : T(D, mod Dy, Z(1)[2]) = '(SpecR, Z), (1.7)

10Ag above, this means that for a fixed R-point x of Ran, the base change Grg ; is the quotient LQG/LEG
of étale R-stacks. Note that Ran itself is not an étale stack, ¢f. [GL14, Warning 2.4.4].
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where Z is the pro-(abelian group) “limcyaripn " Z/n and the notation I'(Y mod Z,-), for any
morphism Z — Y of k-prestacks, means the fiber of the pullback map I'(Y,-) - I'(Z,-). We
shall refer to (1.7) as the trace map.

Indeed, write ¢: I'y — Xg for the closed immersion. By the formal base change theorem
(¢f. [Fuj9s, Corollary 6.6.4], [BM21, Theorem 6.11]), the source of (1.7) is identified as

I'(D, mod D,,Z(1)[2]) =~ I'(Xg mod Xg \ T, Z(1)[2])

~ (T, ' Z(1)[2]) (1.8)

via pullback along D, — Xg. Since the structural morphism Xg — SpecR is smooth of

relative dimension 1, we may identify +'Z(1)[2] with 'Z, for  : I’y = SpecR the projection.
We then have a morphism

D(Ty, ' Z(1)[2]) 2 T(Ty, 7'Z)
~T(SpecR, m,m'Z) - I'(SpecR, Z), (1.9)
where the last morphism is the co-unit of the adjunction from properness of 7. The desired

morphism (1.7) is the composition of (1.8) and (1.9).

Remark 1.1.9. In the construction of (1.7), we worked with coefficients in Z. We could
instead perform the construction for any complex A of torsion étale sheaves of invertible
order over k (the case of interest being A = A[2]) and obtain

tr, : (D, mod D, A(1)[2]) - T'(SpecR, A). (1.10)

Note that (1.7) and (1.10) are related by a version of the projection formula, asserting
that the diagram below commutes

I'(SpecR,A) ® T'(D, mod D,,Z(1)[2]) & I'(D, mod D,,A(1)[2])

lid@tri ltri

I'(SpecR,A) ® T'(SpecR,Z) ——2— I'(SpecR, A)

where the horizontal arrows are defined by multiplication of coefficients. This holds because
the top horizontal arrow is induced from the canonical morphism

TARTZ > A,

which corresponds, under adjunction, to the composition
(AL~ ATl - A®Z 2 A

Remark 1.1.10. Consider the case where z is defined by an R-point x of X and write D,
instead of D, etc. Denote by

¥ : BG,, - B?Z(1)
the Kummer morphism, i.e. the deloop of the compatible family of boundary maps G,, —
B(Z/n(1)) given by the degree-n covers with chark 4 n.

Consider the line bundle O(z) over D,, equipped with its canonical trivialization over

D,. Then ¥(O(x)) defines an object of (the underlying space of) I'(D, mod D, Z(1)[2]).
Its image under tr, is the constant section 1.

Indeed, this can be checked over k-points of R, where it follows from cohomological purity
of the closed immersion ¢ : Speck ~T',, - X.
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1.1.11 Construction of (1.6). Using the cohomological interpretation of B"A (cf. §0.4.3), it
suffices to construct a map of HZ-module spectra

I'(BxG mod X, A(1)[4]) - I'(Hecg, A[2]). (1.11)

To construct (1.11), we proceed as follows: Let P° ~ P! be an R-point of Hecg, which we
view as two morphisms D, — BxG with an identification over D,. Pulling back along them
and subtracting, we obtain a morphism of HZ-module spectra

(PH* = (P%)* : I(BxCG mod X, A(1)[4]) - T'(D, mod D,, A(1)[4]). (1.12)
The desired morphism (1.11) is obtained as the composition of (1.12) with the trace map

z

(1.10) (for A := A[2]), using naturality of the construction in the R-point P? ~ P!,
As explained in §1.1.7, this concludes the construction of Ggec -

Remark 1.1.12. The construction of Gyec., also appears in [GL18, §7.3]. As explained in
loc.cit., this construction may be used to prove that every factorization A-gerbe on Grg
canonically descends to Hecg, a result claimed in [Reil2, Theorem II1.2.10] but not justified
adequately. On the other hand, our approach to the twisted geometric Satake equivalence
does not need this result.

1.1.13. Next, we shall explain in what sense Gpec, is “multiplicative” with respect to the
convolution structure on Hecg (cf. §1.1.6).

Indeed, the group structure on BZA realizes it as the 1-simplices of a groupoid prestack
BZAl1. By pullback, we obtain a groupoid Ran-prestack B%{anA[']. We define a multiplicative
A-gerbe over Hecg to be a morphism of groupoid Ran-prestacks

Hecg - BQRanA['].

Lemma 1.1.14. The A-gerbe Guec canonically lifts to a multiplicative A-gerbe.
Proof. Given an R-point z of Ran, the groupoid Hecg(R) Xgran(r) {2} of lifts of z to Hecg
is the Cech nerve of the morphism in Spc given by pullback:
Maps(D,, BG) - Maps(D,, BG). (1.13)
The construction of §1.1.11 supplies a morphism in Spc:
Hee (R) XRan(r) {2} = [(SpecR, B?A) (1.14)

It remains to lift (1.14) to a morphism of groupoids naturally in z.
The étale level p induces a morphism from (1.13) to

Maps(D,, B*A(1)) - Maps(D,, B*A(1)). (1.15)

The morphism (1.15) naturally lifts to a morphism of HZ-module spectra, thanks to the
Z-linear structure on B*A(1) (cf. §0.4.3).

Note that given any morphism f : a — b in a stable co-category C, there is a canonical
morphism from the Cech nerve of f to Fib(f) as groupoid objects in €: It is induced from
the canonical map from f to 0 — Cofib(f). Note, furthermore, that on 1-simplices, this
morphism specializes to the subtraction map

a xp a - Fib(f).
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The Cech nerve of (1.15) thus maps to I'(D; mod f)y B4A(1)), as groupoid objects in
HZ-module spectra. Composing with p, we see that the morphism

Hecg (R) XRan(r) {2} - I'(D; mod Dy, B*A(1)) (1.16)
(PO=PY) > u(P) - u(P?)

lifts to a morphism of groupoid objects in Spc. The morphism (1.14) is the composition
of (1.16) with the trace map (1.10), the latter being a morphism of groupoid objects as it
comes from a morphism of HZ-module spectra. O

1.2. Factorization.

1.2.1. In §1.1, we have constructed a k-prestack Hecg together with an A-gerbe Gec,. The
pair (Hecq, SHece ) furthermore admits a multiplicative structure (¢f. Lemma 1.1.14).

In this subsection, we shall endow (Hecg, Spec) With an additional structure, which
is a precise formulation of its “unital factorization structure” compatible with the given
multiplicative structure (¢f. Proposition 1.2.11).

1.2.2. We begin by lifting Ran to a k-presheaf of colored operads: For a k-algebra R, the
set Ran(R) admits the structure of a colored operad, with operations defined by

* x; and x; are disjoint if ¢ # j and | iy 2; c y

Maps Ligiel, Y) =
PSRan(r) ({Zi }ier, ) {@ otherwise

Here, two R-points z, y of Ran are called disjoint if ', nT', = @ as closed subsets of Xg.
For any k-presheaf of symmetric monoidal co-categories O, we define the co-category of
Ran-algebras in O as the mapping space

Algpr.n (0) := Maps(Ran, O)

taken in the oo-category of k-presheaves valued in the co-category of co-operads. (We view
symmetric monoidal co-categories as oco-operads via the tautological forgetful functor.)

Remark 1.2.3. Informally, a Ran-algebra in O is a compatible family of Ran(R)-algebras
Ar in O(R), for each k-algebra R.

The datum of a Ran(R)-algebra in O(R) consists of an object A, € O(R) for each z €
Ran(R), along with structural morphisms

floiyy s @Az, > Ay (1.17)
iel

for any finite pairwise disjoint set z; (i € I) of elements of Ran(R) contained in y. Further-
more, the maps (1.17) admit homotopy coherent data with respect to compositions of such
containments.

Remark 1.2.4. For the purpose of this article, the Ran-algebras we shall consider take
values in the full subcategory of 1-truncated objects of O(R) for every k-algebra R.

In this case, homotopy coherence for the structural morphisms (1.17) can be stated ex-
plicitly: For a composition of operations {y;}je; - 2z and {z;}i1, — y; (j € J), there is
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2-isomorphism rendering the diagram

®jer (Qier, Az;) — ®jes Ag,

i€l

l@je_] f{ﬁ}—’%‘ lf{zqz}—’i
f(y]‘ Yoz
®jes Ay, Az

commute and obeying the coherence condition for triple compositions.

1.2.5. Let O be a k-presheaf of symmetric monoidal co-categories.
A Ran-algebra A in O is called a (unital) factorization algebra if for any disjoint R-points
z, y of Ran, the structural morphism

ftayoauy P A ® Ay > Aay
is an isomorphism (¢f. Remark 1.2.3).

Remark 1.2.6. There is another homotopy-coherent formulation of (unital) factorization
structures due to Raskin (¢f. [Ras14]).

The above formulation has the advantage of fitting into the formalism of generalized oo-
operads (cf. [Lurl7, §2.3.2]). It is independently found by Lin Chen. In forthcoming joint
work, we aim to develop the theory of factorization categories from this point of view.

1.2.7. We shall apply the above paradigm to the k-presheaf Span(Stk) assigning to each k-
algebra R the symmetric monoidal co-category of spans of étale R-stacks, and endow Hecg
with the structure of a factorization algebra in Span(Stk).
Indeed, given a k-algebra R and an operation {z;};.1 — y in Ran(R), we have natural
morphisms of formal disks
| IDy, =Dy =Dy (z:=] i), (1.18)
i€l B el
and compatibly, a cospan of formal punctured disks
| |D,, *D, = D, T, < D,. (1.19)
e - - =
The assignment z — D, (respectively, z — Dg) defines a Ran(R)-algebra in the category
(respectively, the cospan category) of affine schemes over X equipped with the disjoint union
symmetric monoidal structure.
By mapping into BG, we endow Hecg with the structure of a Ran-algebra in Span(Stk).
Note that given an operation {z;} — y in Ran(R), the structural morphism on Hecg is the
span of étale R-stacks

Dy
HecGy{&}_,y — HecGyg
ll'[m Pz, (120)
Hid HecG,L‘

where Hecg, (4, parametrizes modifications P° ~ P! of G-bundles over Dy along .

I=y
Since both morphisms in (1.19) are isomorphisms for z = y, the Ran-algebra Hecg in

Span(Stk) is in fact a factorization algebra.
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Remark 1.2.8. We may repeat the construction of §1.2.7 for the affine Grassmannian Grg
(¢f. §1.1.3), which lifts Grg to a factorization algebra in Stk, the k-presheaf assigning to R
the symmetric monoidal co-category of étale R-stacks (as opposed to Span(Stk)).

Indeed, this is because a G-bundle over D,, equipped with a trivialization off I'; is equiv-
alent to a G-bundle over D, equipped with a trivialization off I'z, by the Beauville-Laszlo
lemma (cf. [BL95]).

Under the forgetful functor Stk — Span(Stk), we may realize the structural morphism
Grg — Hecg as a morphism of factorization algebras in Span(Stk).

1.2.9 Variant: convolution. The construction of §1.2.7 has an obvious variant when we take
the convolution structure on Hecg into account (cf. §1.1.6).

Namely, denote by Gpd(Stk) the k-presheaf assigning to R the symmetric monoidal oco-
category of groupoid étale R-stacks. Then Hecg] has the natural structure of a factorization
algebra in Span(Gpd(Stk)).

Note that the structural morphism (1.20) for Hecg] involves the étale R-stack Hecg] (i1

parametrizing chains of modifications of G-bundles over D, along z.

1.2.10. Finally, we shall involve the multiplicative A-gerbe Gec -
Denote by Span(Gpd(Stk)) gz the k-presheaf assigning to a k-algebra R the co-category

of spans of groupoid étale R-stacks over BZAlL.

Concretely, an object of Span(Gpd(Stk)) g2 (R) is a groupoid étale R-stack Yl equipped
with a multiplicative A-gerbe G : Y1 - BzA[']7 and a morphism (yg'],gg) - (9&], Go) is a
correspondence

oy Y )
of groupoid étale R-stacks along with an isomorphism of multiplicative A-gerbes
p191 = p392.

The symmetric monoidal structure on Span(Gpd(Stk)) /g2 is given by Cartesian product
of groupoid stacks along with external sum of multiplicative A-gerbes.

Proposition 1.2.11. The pair (Heca, Gtece, ) canonically lifts to a factorization algebra in
Span(Gpd(Stk)) /g2 -

Proof. For each k-algebra R, the proof of Lemma 1.1.14 supplies a morphism
Stecq : Heeg(R) = T(SpecR, B*A), (1.21)

where the source Hecg (R) lifts to a Ran(R)-algebra in Gpd(Spc) (¢f. §1.2.9) while the target
[(SpecR,B?A) is a commutative algebra in Spc, hence a Ran(R)-algebra. It remains to lift
(1.21) to a morphism of Ran(R)-algebras in Gpd(Spc), naturally in R.

Recall that (1.21) is the composition of two maps: the map induced from (1.16) as z
varies in Ran(R)

HecG(R) — F(D(‘) mod f)(.), B4A(1)) (1.22)
and the trace map (1.10). The morphism (1.22) naturally lifts to a morphism of Ran(R)-
algebras in Span(Gpd(Spc)), because the Ran(R)-algebra structures are induced from those
of 13(_) and D,y (cf. §1.2.7). We shall argue that the target of (1.22) lifts to a Ran(R)-algebra
in HZ-Mod (with Cartesian symmetric monoidal structure) and that the trace map

try : T(D(y mod Dy, A(1)[2]) - I'(SpecR, A) (1.23)
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lifts to a map of Ran(R)-algebras in HZ-Mod.

Consider the category Div' (Xgr/R) of effective Cartier divisors of Xg relative to R, with
morphisms given by inclusions and symmetric monoidal structure given by sums. The
association z - I'y defines a Ran(R)-algebra 'y in Div"(Xg/R). The functor

Div* (Xg/R) - HZ-Mod
Z — I'(Xg mod Xg \ Z, A(1)[2])

is lax symmetric monoidal, so it carries the Ran(R)-algebra I'¢y to the Ran(R)-algebra
['(Xgr mod Xg T, A(1)[2]) in HZ-Mod. The latter provides the desired lift of the target
of (1.22) by formal base change (cf. §1.1.8).

It remains to lift the morphism

I'(Xg mod Xg ~ Ty, A(1)[2]) = T(D(y, 7' A) - T(SpecR, A),

provided by adjunction for 7 : Ty - SpecR (over z € Ran(R)), to a morphism of Ran(R)-
algebras in HZ-Mod. The compatibility with structural morphisms are supplied by the
naturality of the adjunction map

['(Z,7'A) - T'(SpecR, A)
for any Z € Div' (Xg/R) with projection 7 : Z - Spec R, with respect to Z. O
1.3. The Satake category.

1.3.1 Coefficients. Let £ be a prime invertible in k and e be a finite extension of Q,. We
assume that A is a subgroup of e* and write ( : A — € for the inclusion.

We shall use the functor (B.2) assigning to an object (X,§) € Sch/gz2, the oo-category
Dg,¢(X) of (S, ¢)-twisted constructible complexes over X.

1.3.2. For an indscheme Z equipped with an A-gerbe G, we write Dg ¢(Z) for the colimit of
the oco-categories Dg ¢(X) indexed by the poset of closed subschemes X < Z along pushfor-
ward functors.
In particular, a given indscheme presentation Z =~ colim Z,, realizes Dg ¢(Z) as the colimit
of oo-categories
Dg,¢(Z) = colim Dg ¢ (Za)-

Given any S-point z of Ran (for S € Sch), we may apply this construction to the indscheme
Grg,» equipped with the pullback Gay of the A-gerbe Gpecy (cf. §1.1.7) along the struc-
tural map Grg, - Hecg . This yields the oo-category Dg ¢(Grg,z) of (Sarg,¢)-twisted
constructible complexes over Grg .

1.3.3. We give a slightly ad hoc definition of Dg ¢(Hecg . ), sufficient for our purposes.
Namely, given an S-point z of Ran (for S € Sch), we write Dg ¢(Hecg, ) for the oco-
category of LY G-equivariant objects of Dg (Grg ), formed with respect to the canonical
L} G-equivariance structure of Gayg .
" In terms of the presentation (1.4), we have

Dg ¢ (Hecg ;) ~ colim colim Dg ¢ (Za)"?,
- a B>

where the colimit over g is taken along forgetful functors. (It stabilizes over the cofinal set
of 8 where ker(L;G — Hp) is pro-unipotent and acts trivially on Z,.)
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1.3.4. In the remainder of this subsection, we assume that G is reductive.
This hypothesis guarantees that Grg — Ran is ind-proper (¢f. [Zhul7, Theorem 3.1.3]).
This in turn implies that each boundary map

Hech] - Hecém]
of the groupoid Ran-prestack Hecg (cf. §1.1.6) is ind-proper.

1.3.5 Convolution. Fix S € Sch and an S-point z of Ran. We shall construct a monoidal
operation on Dg ¢(Hecg ¢ ), called the convolution product.
Indeed, given Ay,---, A, € Dg ¢(Hecg ), their convolution product is given by

Aposo Ay = mi(piAr @ ® pAy), (1.24)

where m, p1,---, pn are the face maps

Hee') 2% 17, Hec,,
I (1.25)

Hecq z

sending P N8P to POR P, respectively the segments P° = p!,...,pn1 ~Ppn.
The formation of (1.24) appeals to the identification of A-gerbes

m*chcG& = PISHCCG@ + - +p;9HccG,£ (126)

supplied by Lemma 1.1.14.
The monoidal unit is e|(e), where e : BL; G ~ HecgJ ]x — Hecg , is the unit section, formed
with respect to the trivialization of €*(Gnece , ) supplied by Lemma 1.1.14.

Remark 1.3.6. Certainly, we expect the above structure to lift to a monoidal structure
on the co-category Dg ¢(Hecg ;). To give a formal construction, however, we need to view
(Heca z, Hece . ) @s a monoid in the oco-category of spans of Stk/g2a and apply a “twisted”
6-functor formalism, the latter being unavailable at the time of writing.

1.3.7. Given an S-point x of Ran, we define
Satg’c(HeCG’g) c Dg’c(HeCG’g)

for the full subcategory consisting of objects A whose pullback to Grg, are universally
locally acyclic (ULA) and perverse relative to S (¢f. Definition B.1.7, §B.1.12).

Remark 1.3.8. Pullback along Grg , — Hecg , realizes Satg ¢(Hecg ;) as the full subcat-
egory of Dg ¢(Grg,) consisting of objects which are ULA and perverse relative to S and
constant along L} G-orbits.

Indeed, this holds because LIG — S is pro-smooth with connected geometric fibers: It is
an inverse limit of Weil restrictions of G along finite locally free morphisms.

Proposition 1.3.9. Given S € Sch and an S-point z of Ran,

(1) the monoidal unit e;(e) of Dg ¢(Hecg,z) belongs to Satg ¢(Hecg z);
(2) the convolution product of any Ai,As € Satg ¢(Hecg ;) belongs to Satg (Hecg z)-
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1.3.10. The proof of Proposition 1.3.9 will be supplied in §1.4.6.

It implies that Satg ¢ (Hecg ) inherits a monoidal structure from Dg ¢ (Hecg ), which we
shall refer to as the convolution monoidal structure. We shall refer to the monoidal category
(Satg ¢ (Hecg 4 ),0) as the Satake category at z.

Next, we shall show that when z is defined by a finite product of X, the Satake category
can be upgraded to a symmetric monoidal category.

Remark 1.3.11. Let I be a finite set. It determines a morphism X! - Ran, sending (z*);c
to 2 := Uje 2°, hence an étale X'-stack Hecg 1 by pullback (and likewise Grg 1, Li G, etc.).

The factorization structure on Hecg includes, in particular, the following span of étale
stacks associated to each map of finite sets ¢ : T > J (¢f. (1.20))

Hecg 1.5 - Hecg s
lﬁ (1.27)

HecG,I

where Hecg 1 parametrizes a point yJ of X/ (with image 2! in XI) and a modification of
G-bundles over D, along z. (Here, z, y denote the images of 2!, y’ in Ran.) Note that

Hecg 1,5 may alternatively be presented as the quotient LYG\(Grg 1 xx1 X?) of étale stacks,
showing that ¢ is a closed immersion.

Moreover, the factorization structure on (Hecg, Snece ) (¢f. Proposition 1.2.11) allows us
to lift (1.27) to a span in Stkg2. Thus, ¢y7* restricts to a monoidal functor

@ : Sat97<(HecG,1) - Sat97¢(HecG7J) (1.28)
This shows that the assignment of Satg ¢(Hecg 1) to I is functorial.
1.3.12 Fusion product. For any integer n > 1, denote by XUn I:disi ¢ XUnT the open subscheme

consisting of I-tuples (27 )ier, -, (¢}, )ier whose images z1,--, 2, in Ran are pairwise disjoint

(¢f. §1.2.2) and by Hecéisil | the base change of Hecg 1, to XUnTdisi,

We have natural open immersions of étale XU Istacks

HeCdGi,Sliln . ER (Hecg 1)"

lj (1.29)
Hecg, 1

where the map f comes from the factorization structure on Hecg (cf. §1.2.7). Pulling back
the external tensor product of Ay, -+, A, € Satg (Hecg 1) along f yields

fr(Ar®--8A,) €Satg ¢ (Heeg ) 1) (1.30)

whose formation uses the isomorphism of A-gerbes
f*(gHecGJ "'9HecG11) gj*gHec.;;),_,nI (131)

obtained from the lift of f to a morphism in Stk/g25 (cf. Proposition 1.2.11). Proposition
1.3.13 below shows that (1.30) canonically extends along j to an object

Ay xx1 - xx1 Ap € Satg ¢ (Heea,y, 1), (1.32)
called the external fusion product of Ay, Ap.
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The pullback of (1.32) to the diagonal X! — XUn1 is called the fusion product
Aq * - % Ay, € Satg ¢ (Hecg 1). (1.33)

Proposition 1.3.13. For any finite set 1 and integer n > 1,
(1) the pullback functor
J* +Satg,¢(Hecg,, 1) — Satg,g(Hec‘éijilnI) (1.34)
is fully faithful;
(2) the object (1.30) belongs to the essential image of (1.34).

1.3.14. The proof of Proposition 1.3.13 will be supplied in §1.4.6. For now, let us explain
how the fusion product (1.33) defines a symmetric monoidal category (Satg,¢(Hecg 1), *).

Indeed, we use (1.33) as the n-ary operation on Satg (Hecg,1). To see its ¥,,-equivariance,
it suffices to construct an isomorphism in SatgyC(Hecgj’SﬂlnI) for each o € X,;:

O'*f*(.Al An) ~ f*(ﬂg(l) ---.Ag(n))7 (135)

compatible with compositions. The isomorphism (1.35) comes from the %,,-equivariance of
/ as a morphism in Stk /g2 5.
Next, we argue that ei(e) (c¢f. §1.3.5) is a unit for Satg ¢(Hecg 1) also with respect to the

fusion product. This follows from the canonical isomorphism in Satg’c(HecGl’SIJuI

[r(Amel(e)) =i (pA),

where ¢ : T — TuT is the inclusion of the first summand (¢f. Remark 1.3.11), as 1A restricts
to A along the diagonal.

Proposition 1.3.15 (“Convolution = fusion”). For any finite set 1, there is a canonical
equivalence of monoidal categories

(Satgﬁg(HeCGVI), O) ~ (Sat97<(HecG71), *). (136)

Proof. We shall argue that the convolution monoidal structure lifts (Satg,¢(Hecg 1), *) to a
monoid in the (2-)category CAlg(Cat) of symmetric monoidal categories.

Concretely, this means that given Aq, Az, B1, Bs € Satg ¢ (Hecg 1), we have commutation
of fusion and convolution products

(.Al O.AQ) * (‘Bl OBQ) ~ (.Al * 31) o (.AQ * 'BQ)

This follows from the construction of the fusion product and the fact that (Hecq, SHece ) is
a factorization algebra in Span(Gpd(Stk)) gz (cf. Proposition 1.2.11).

The equivalence (1.36) now follows from a categorical analogue of the Eckmann-Hilton
argument (cf. [Lurl7, Proposition 2.4.3.9, Proposition 3.2.4.7]). O

1.3.16 Normalization. By Proposition 1.3.15, we may regard Satg ((Hecg 1) as endowed
with either the convolution or the fusion symmetric monoidal structure.

Next, we shall “normalize” its commutativity constraint to ensure that the constant term
functors are symmetric monoidal (¢f. Lemma 1.5.8). There is a locally constant function

d(;, : HecGJ - Z/2 (1.37)
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defined as follows: Etale locally over X!, we may assume that G is split, with a Borel
subgroup B and maximal quotient torus B = T. Connected components of Hecg 1 are in
bijection with 71 G, which is a quotient of the cocharacter lattice of T. We define (1.37) by

dg(0) = (2p,6) mod 2,

where 2p is the sum of positive roots. This expression is independent of the choice of B (as
it varies in a connected family), so we obtain (1.37) globally over X'.

Given Aq, Ay € Satg ¢ (Hecg 1) supported on connected components 61,60y of Hecg 1, we
modify their commutativity constraint cq, 4, in Satg ¢(Hecg 1) by

6~A17~A2 = (_1)dc(91)dc(92)cﬂl,f12~ (138)

Denote by *Satg ¢(Hecg 1) the symmetric monoidal category Satg ¢(Hecg 1) equipped with
the modified commutativity constraint (1.38).
We shall refer to *Satg ¢ (Hecg 1) as the normalized Satake category.

Remark 1.3.17. By definition, we have an equivalence of monoidal categories
*Satg ¢ (Hecg 1) ~ Satg ¢ (Hecg 1)

which is incompatible with the symmetric monoidal structures.

1.4. Outer convolution diagram.

1.4.1. We remain in the context of §1.1.1 and §1.3.1, and assume that G is reductive.

In the previous subsection, we have defined the Satake category subject to two unproven
assertions: Proposition 1.3.9 and Proposition 1.3.13. The goal of this subsection is to supply
their proofs.

In fact, we shall deduce both assertions from the “outer convolution diagram”. This is
an adaptation of an argument due to Gaitsgory [Gai0l] to the twisted setting.

1.4.2. Let n > 0 be an integer. Denote by }Té’cgl] the prestack parametrizing n points

z1,-, T, of Ran, together with a chain of modifications
I (1.39)

of G-bundles over D, u...ug,, -

The structural morphism ﬁgé[éb ] 5 Ran” realizes ﬁgé[éb I as a Ran"-stack. Given n finite

sets I,---,I,, we may base change I—TechL] along the product X% = — Ran" to obtain a
k-stack IT(%JCI(;""’I7‘. For our applications, only the case Iy = --- =1, := I for some finite set I is

relevant. Let us display the structural morphisms

g TIF
Hec™™ —= [T}, Heca 1

lm (1.40)

Hecg,, 1

where 1, p1, -+, Dy, send (1.39) to P° 0 prrespectively the segments PO %P1 ... pr-l %
P”. Tt is known that i is ind-proper (¢f. [Ric14, Corollary 2.10]).

Note that the pullback of (1.40) along the diagonal A : X! - XUn T recovers (1.25), whereas
pulling back Hecg ™' to the disjoint locus XUn bdisi ¢ XUnT in (1.40) yields (1.29).
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Lemma 1.4.3. There is a canonical isomorphism of A-gerbes over Hecld""l:

’Ffl*gHeCGJ = mSHeCG,I + +m9HeCG,I (141)
with the following properties:

(1) its pullback to the diagonal X' is identified with (1.26);
(2) its pullback to the disjoint locus XUnLdS1 is identified with (1.31).

Proof. For ease of notation, we will treat the case n = 2, the general case being similar.
Given an R-point of Hecgl, corresponding to R-points z}, ) of X! and modifications

po % pl¥ P2, we interpret P, P!, P? as morphisms Dy uz, = BG and form
11(P?) - u(P°) € I(Dy, g, mod Dy, iy, BYA(L)). (1.42)

By definition, its image under trg, s, yields the value of Mm*Gyecq ; (cf. §1.1.11).
Let us express (1.42) as the sum

pu(P?) = p(P°) = p(P?) = u(PY)
+u(P) - u(P?),
where the two summands come from I'(D,, mod D£7 B*A(1)) for i = 2,1, respectively. The

desired isomorphism (1.41) now follows from the additivity of the trace map.
Propertes (1) and (2) are immediate consequences of the construction. O

1.4.4. Given Ay,---, A, € Satg c(Hecg 1), we may use the isomorphism (1.41) to form the
outer convolution product
A oxr - oxt Ay =y (P AL @ - @D As) (1.43)
as an object of the oo-category Dg ¢(Hecg |, 1)
Using Lemma 1.4.3, we obtain isomorphisms
A*(Aqoxr-oxt Ap) 2 Ajo-oh,, (1.44)
j*(.Al OxI **+ OxI An)ﬁf*(ﬂlﬂn), (145)
where the morphisms j and f are as in §1.3.12.

Lemma 1.4.5. The complex Ay ox1 ---ox1 A, belongs to Satg ¢ (Hecgy, 1)-

Proof. By definition, we need to show that A oxr -+ ox1 A, is ULA and perverse relative to
XUnT (¢f. §1.3.7). The ULA property holds because i is ind-proper.

To show that A ox1 -+ ox1 A, is perverse relative to XHn 1 we first use the isomorphism
(1.45) to see that its pullback along j is perverse relative to XUn 148l Then we conclude
using its ULA property relative to XU»! and the fact that the nearby cycles functor is
perverse t-exact (cf. [I1194, Corollaire 4.5]). O

1.4.6. We now prove Propositions 1.3.9 and 1.3.13 simultaneously.

Proof of Proposition 1.3.13. Assertion (1) follows from [HS23, Theorem 6.8]. Assertion (2)
follows from Lemma 1.4.5 and the isomorphism (1.45). U

Proof of Proposition 1.3.9. Assertion (1) is immediate.

To prove assertion (2), we note that A o---oA,, is ULA relative to S because m is ind-
proper. The statement that it is perverse relative to S can be proved over geometric points,
so we reduce to the case where S is the spectrum of an algebraically closed field.
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In this case, the S-point z of Ran is of the form z = U @i, where {z;}; are pairwise
disjoint S-points of X. The factorization structure of (Hecq, Grece) (¢f- Proposition 1.2.11)
allows us to further reduce to the case of a single S-point z of X.

Now, any object A € Satg ¢(Hecg ;) extends to some étale neighborhood of x. Thus the
result follows from Lemma 1.4.5 and the isomorphism (1.44) (for I={1}). O

1.5. Constant term functors.

1.5.1. We remain in the context of §1.1.1 and §1.3.1 and assume that G is reductive. Fur-
thermore, we assume the existence of, and choose a square root e(3) of the Tate twist e(1)
over Speck. (This is done for convenience, cf. Remark 2.3.3.)

Let P be a parabolic subgroup of G with Levi quotient P - M. For any S-point  of Ran
(S € Sch), we have a diagram of indschemes:

Grpg
q P
Grg,;/ \GrM@

1.5.2 Definition of CTp. Since the pullback of u along P ¢ G canonically descends to M,
we have an isomorphism of A-gerbes over Grp , (already over Hecp 5, in fact):

q*gGrG Zp*gGer (146)
which we may use to form the functor
@p” : Dg ¢(Gra,z) > Dg ¢ (Grug). (1.47)

We shall “normalize” (1.47) as follows. Over an étale cover of S, we may split M and
choose a Borel subgroup By ¢ M, with induced Borel B := P xy; By of G. Denote by T the
maximal quotient torus of By, so T is the abstract Cartan of both G and M. Denote by
2p¢ (respectively 20y ) the sum of positive roots of G (respectively M). We obtain a locally
constant function

dG7M : GrI“M,£ o/ (1.48)
taking value (2p¢ — 2pm, 0) over the connected component corresponding to 6 € 71 M. This
expression is independent of the choice of By, so (1.48) descends to S.

We define the constant term functor to be

d
CTp := qp™( aM

)dc ], (1.49)
using the fixed half-integral Tate twist (cf. §1.5.1).

Remark 1.5.3. The formation of (1.49) respects composition in the following sense. Given
a parabolic subgroup P; ¢ M with Levi quotient P; - M;, we have an isomorphism

CTpyyp, = CTp, oCTp,
where P xy; P; is viewed as a parabolic subgroup of G. This follows from base change.
Remark 1.5.4. The functor (1.49) carries L; G-equivariant objects to L M-equivariant ob-
jects. Indeed, it suffices to show that p; carries L;P—equivariant objects to LQM—equivariant

objects, and this holds because the kernel of L;P — L; M is pro-unipotent.
Therefore, (1.49) induces a functor

CTP : Dg,c(HeCG,z) g D97<(HGCM,£).



26 YIFEI ZHAO

1.5.5. Next, we prove some basic properties of the constant term functor (1.49). Our main
ingredient is a twisted version of Braden’s hyperbolic localization theorem, which we estab-
lish over a general base scheme in §B.3, following Richarz’s strategy in [Ric19].

Proposition 1.5.6. Let A be an L;G-equivariant object of Dg ¢(Grg z)-

(1) A vanishes if and only if CTp(A) does;

(2) A is ULA relative to S if and only if CTp(A) is;

(8) A is connective (respectively, coconnective) in the perverse t-structure relative to S
if and only if CTp(A) is.

Proof. All statements are of étale local nature over S, so we may fix a split maximal torus
and a Borel subgroup T c B c G, realizing P as a standard parabolic of G. Since CTp
respects composition (¢f. Remark 1.5.3), we further reduce to the case P = B.

Consider the G,,-action on G by conjugation by a regular dominant cocharacter. It has
attractor B, repeller B~ (the opposite Borel), and fixed point locus T (c¢f. §B.3.1). The
induced Gy,-action on Grg, has attractor Grg,, repeller Grg- ., and fixed point locus
Grr z. In particular, (B.10) leads to the following diagram of S-indschemes

Grp z

Grg g Grr g, (1.50)

GI‘B—7£

and we have a canonical isomorphism in Dg (Grr4) (cf. Theorem B.3.4)

da,T
2

To prove statement (1), we may use Lemma B.4.2 to reduce to the case S = Speck. Using
the factorization structure of (Grg, Gar ) (¢f. Proposition 1.2.11), we may further assume
that z factors through a k-point x of X. The implication CTg(A) ~ 0 = A ~ 0 holds,
because every LY G-orbit in Grg , meets the image of some connected component of Grg ,
at a single k-point (¢f. [MV07, Proof of Theorem 3.2]).

To prove statement (2), we may use Proposition B.4.3 to handle the “=" direction. For
the “«<” direction, we assume that CTg(A) is ULA and prove that the canonical morphism
below is an isomorphism:

CTr(A) = (p7)(¢7) A(—)[da,1]. (1.51)

D(A)®A > Hom(7* A, A). (1.52)
Here, D stands for Verdier duality over Grg , relative to S and 7?, 7 are the two projections
from Grg g xs Grg,z to Grg, (cf. §B.1.10).

By statement (1), it suffices to prove that (1.52) becomes an isomorphism after applying
CTg-xB, the constant term functor associated to G x G, the étale level (—u,pu), and the
parabolic subgroup B™ x B. By Lemma B.4.2 and Proposition B.4.5, the image of (1.52)
under CTg-xp may be identified with

D(CTA)RCTg(A) » Hom(n* CTg A, 7 CTg A),
which is an isomorphism because CTg(A) is ULA.
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To prove statement (3), we observe that the “=” direction follows from (1.51), as the
left-hand-side is right t-exact while the right-hand-side is left t-exact, and the “<” follows
from the “=" direction and statement (1). O
1.5.7. By Proposition 1.5.6, (1.49) restricts to a functor on the Satake categories:

CTp: Satg)c(HeCG&) - Satg,C(HecM@). (1.53)

When z is given by X! - Ran for a finite set I, let us incorporate the symmetric monoidal
structure (cf. §1.3.16) and write (1.53) as a functor

CTp : *Satg ¢ (Hecg 1) — *Satg ¢ (Heen 1). (1.54)
Lemma 1.5.8. The functor (1.54) is naturally symmetric monoidal.

Proof. This follows from the classical argument (c¢f. [MVO07, Proposition 6.4]), as the coho-
mology shift [dg m] in the definition of (1.49) is precisely accounted for by the normalization
of the commutativity constraints (cf. §1.3.16). O

1.6. Verdier duality.

1.6.1. We remain in the context of §1.1.1 and §1.3.1 and assume that G is reductive.

Fix an S-point z of Ran (S € Sch). The goal of this subsection is to use the Verdier duality
functor over Grg , relative to S to construct monoidal duals in Satg ¢ (Hecg ;) with respect
to the convolution monoidal structure (c¢f. §1.3.10).

This construction is known in the untwisted setting (¢f. [MV07, §11], [FS24, Proposition
VI1.8.2]) and its adaptation to the twisted setting is straightforward.

1.6.2. First, we note that Verdier duality (c¢f. §B.1.10) yields an equivalence
D :Dg,¢(Gra,z) = D-g¢(Graz)- (1.55)

preserving perverse ULA objects. After restricting to the full subcategories of perverse ULA
objects, it also preserves the property of being constant along L} G-orbits. These properties
also hold for the inverse of (1.55), being itself a Verdier duality functor.

Therefore, (1.55) restricts to an equivalence (¢f. Remark 1.3.8)

D : Satg ¢ (Hecg ») ~ Sat_g ¢ (Hecg »). (1.56)
1.6.3. On the other hand, consider the swap automorphism
sw : Hecg o — Hecg g,
(P° z Pl) s (P! z PY).
By construction of Specg, the pullback sw* (=S ) is canonically identified with Gpec
so sw” induces an equivalence
sw” : Sat_g ¢ (Hecg,z) = Satg ¢ (Hecg ). (1.57)

Proposition 1.6.4. For any A € Satg ¢(Hecg ,), the object sw*D(A) is a left dual of A
with respect to the convolution monoidal structure.

Proof. We need to exhibit the unit and co-unit morphisms
1->sw'D(A)oA (1.58)
sw'D(A)o A -1, (1.59)
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where 1 := ej(e) is the monoidal unit (c¢f. Proposition 1.3.9), and show that they obey the
adjunction property.
In order to do so, we shall use the Cartesian square:

s [2]
Hecg,, — HecGﬁ

lt l” (1.60)

LiBG - Hecg 4

where m is the multiplication map (cf. §1.3.5) and ¢, § sends P° ~ P! to P, respectively

the concatenation with its own inverse P* ~ P? % P1. Note that if we express Hecg]m

fiber product Hecg , x1.:8c Hece , along the projections pi, p2, then § corresponds to the

as the

morphism (sw,id).

To construct (1.58), we express the right-hand-side as m. (pjsw*D(A)®p;A). By adjunc-
tion and base change along (1.60), it suffices to construct a global section of the !-restriction
of D(A) ® A along the diagonal of the morphism 4 : Hecg, — LIBG sending P° <~ P! to
P°. However, our assumption on A implies that it is ULA with respect to i. Thus this
I-restriction is isomorphic to Hom(A, A) (¢f. Remark B.1.11). The required global section
is the identity.

To construct (1.59), we perform a similar analysis and reduce to constructing a morphism
D(A) ® A — i'(e), which is given by the co-unit of Verdier duality. We omit verifying the
adjunction property satisfied by (1.58) and (1.59). O

2. THE SATAKE EQUIVALENCE

The goal of this section is to formulate the twisted geometric Satake equivalence (cf. Theo-
rem 2.3.2). We define metaplectic dual data in §2.1 and use it to construct the dual category
of “twisted representations” in §2.2. We state the equivalence in §2.3 and list a few of its
properties, which will be established in the course of its proof.

Prior works on the twisted geometric Satake equivalence include [Lys06, FL10, Lys14,
Reil2, GL18]. We compare our statement to the literature in Appendix C.

2.1. The dual data.

2.1.1. We remain in the context of §1.1.1 and assume in addition that G is reductive. We
shall construct a pair (H,v), which we call metaplectic dual data, where
(1) His a locally constant étale sheaf over X of pinned split reductive group Z-schemes;
(2) v:Zg - BXA is morphism of étale sheaves over X of Ee,-monoids.

Here, Zy denotes the center of H and Zy its character group, viewed as a (locally constant)
étale sheaf of abelian groups over X.

The construction of (H,v) is insensitive to the geometry of X, so up to §2.1.20, we shall
replace X by an arbitrary scheme S over which A has invertible order.

2.1.2. We first fix some notation asssociated to the reductive group G.

(1) Gy (respectively G.q) is the simply connected (respectively adjoint) form G. The
kernel of G > G,gq is the center Z, and the stack quotient G/Gg, is the cocenter Gy,
of G, cf. [SZ25, §1.1.5].
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(2) T (respectively Tsc, Taq) is the universal Cartan of G (respectively Ggc, Gaq). The
locally constant étale sheaf of cocharacters of T (respectively Tge, Taq) is denoted
by A (respectively Agc, Aad), with dual A (respectively Asc, Aaq).

In particular, we have
7 ~ Fib(A - Aad) ®z G,

Gap » MG ®7 Gy, for mG = AfAg.
(3) A c A (respectively A c A) is the subsheaf of simple coroots (respectively simple
roots). Then A spans Ay, and A spans A,q.

2.1.3. Recall that we have a canonical fiber sequence of étale sheaves of Z-linear spaces'!

over S (cf. [Zha22, Proposition 5.1.11])
Mapsz(m G, B*A) - Maps, (BG,B*A(1)) - Quad(A, A(-1))y, (2.1)

where Mapsz (-, ) (respectively Maps. (+,-)) is the étale sheaf of mapping spaces of sheaves of
Z-linear spaces (respectively pointed spaces), and Quad(A, A(-1))s; denotes the étale sheaf
of strictly Weyl-invariant quadratic forms A - A(-1) (to be recalled in §2.1.5).

The first map in (2.1) is given by tensoring with G,,, and pulling back along G - Gay,.
The second map in (2.1) is induced from the canonical isomorphism

moMaps, (BG,B*A(1)) ~ Quad(A, A(-1))y.
Remark 2.1.4. For G = G,,, the fiber sequence (2.1) reads
B?A — Maps.(BG,,,B*A(1)) - A(-1). (2.2)

This fiber sequence admits a canonical splitting, sending a € A(-1) to a® (¥ ® V), where
¥ : BG,, - B*Z(1) is the Kummer morphism (cf. [Zha22, Remark 4.2.8)).

2.1.5. By definition, the étale level 4 is a global section of Maps, (BG,B*A(1)). Let us use
(2.1) to fix notation associated to p.

(1) Q is the strictly Weyl-invariant quadratic form A — A(-1) associated to p, i.e. its
image under the second map of (2.1);
(2) b is the symmetric form on A associated to Q, defined by the identity
b(A1;A2) = QA1+ A2) = Q(A1) - Q(A2).
The condition of strict Weyl-invariance on QQ means that the equality below holds for any
aeAand AeA:
b(a, A) = Q(a){c, A). (2.3)
2.1.6 Construction of H. Denote by AF c A the kernel of b and by Al its dual, which we may
view as a lattice inside A ®z Q. For each o € A, we write
al = ord(Q(a)) - o,
af = ord(Q(a)) ™" - @,
where ord(Q(«)) is the order of Q(«) € A(-1).
It follows from strict Weyl-invariance (2.3) that o! belongs to A' and &' belongs to

At Furthermore, the quadruple ({af} c Al {at} c AY), together with the correspondence
al < @t for each a € A, defines a locally constant étale sheaf of root data.

HRecall that a “Z-linear space” means a connective HZ-module spectrum (cf. §0.4.2).
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We write H for the locally constant étale sheaf of pinned split reductive group Z-schemes
with root data ({at} c At {at} c At). (Here, {a!} are the simple roots of H, etc.)

Remark 2.1.7. By definition of H, the étale sheaf A% may be realized as the quotient
Zy ~ AVAL, (2.4)
where Al_ is the Z-linear span of ot (a € A).
2.1.8 The form by. For later purposes, we shall also need the bilinear form
b1 Age ® Aug > A(-1) (2.5)
defined as the Z-linear extension of the expression (2.3) for av € A and A € A,q, where we
interpret (-,-) as the canonical pairing between A,q and the root lattice.

Remark 2.1.9. The form b; provides us another interpretation of the sublattice Af. c Age
(¢f. Remark 2.1.7). Namely, it is the (one-sided) kernel of b;.

To see this, we write an arbitrary element of Ag. as a sum Y ca do for dy € Z. This
element belongs to the kernel of b; if and only if its pairing with every fundamental coweight
Wa € Maa (o € A) vanishes. However, this pairing is computed by Q(a)d,, so it vanishes if
and only if d, is a multiple of ord Q(«).

2.1.10. For the moment, let us assume that G is split and choose a Borel subgroup B c G
as well as a splitting T c B of the projection B - T.

Pulling back p along T - T - G, for T := Af ®z G,,, yields an Eo,-monoidal morphism
i BTH - B*A(1) (¢f. [Zha22, Proposition 4.6.2]). Taking sections over BG,, then yields
an E.-monoidal morphism

A~ Maps. (BG,,,BTH)

- Maps(BG,, B*A(1)) ~ B2 A @ A(-1), (2.6)
where the last isomorphism is given by the canonical splitting of (2.2). Projecting (2.6) onto
the first factor yields an E.-monoidal morphism

AY - BZA, (2.7)
while projecting it onto the second factor yields the restriction of Q to Af.

In Lemma 2.1.14 below, we shall endow (2.7) with a canonical equivariance structure
with respect to the Weyl-action on Al.

2.1.11 G-equivariance of p. Consider the G-action on itself by inner automorphisms. It
induces a G-action on the pointed stack BG. This construction is functorial in sheaves of
E;-monoids. Applying to the loop space Qu: G — B*A(1) of u, we see that
1:BG - B*A(1) (2.8)
is equivariant with respect to the G-, and B*A(1)-actions via Qu.
Moreover, using the E.,-monoid structure on BBA(l)7 we may trivialize the B?’A(l)—action

on itself by inner automorphisms, obtaining a trivialization of the induced BSA( 1)-action
on B*A(1). This shows that (2.8) factors through a morphism

7i: (BG)/G - B*A(1). (2.9)
In other words, ; admits a canonical G-equivariance structure.!?

121nformally, if one thinks of p as a “central extension” E of G by B2A(1)7 then this G-equivariance
structure corresponds to an extension of the conjugation action of G along E - G.
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Remark 2.1.12. Let us point out a confusing aspect of (2.9). Indeed, the G-action on BG
as an étale stack is canonically trivial: Given a G-bundle P and its twist g(P) := P x% G by
a point g of G (where we use the conjugation map G — G, h + ghg™! in the formation of
P x% G), we have the canonical isomorphism of G-bundles

P~ g(P), (2.10)
p= (p,9)-

This is not a trivialization of the G-action on BG as a pointed stack.

Nevertheless, let us use this trivialization to express the isomorphism p(g(P)) ~ u(P)
provided by (2.9). Namely, by identifying its source with pu(P) using (2.10), then this
becomes the automorphism of ;(P) defined by the section (Qu)(g) of B3A(1).

2.1.13 Weyl-equivariance. Denote by Ng(T) the normalizer of T in G and by W := Ng(T)/T
the Weyl group. The natural W-action on A induces a W-action on Af. The restriction of
(2.9) along T# - G and Ng(T) c G yields an extension of p1y:
Time - (BT /Ng(T) — B*A(1). (2.11)
The following result shows that (2.11) equips pTs with a W-equivariance structure.
Lemma 2.1.14. The morphism (2.11) canonically factors through (BT!)/W.

Proof. Consider the Cartesian diagram of étale stacks

BT — BNg(T)

l lp (2.12)

S —— BW
and the étale sheaf Maps, (BT, B*A(1)) over BW. The unit map
Maps, (BT, B*A(1)) - p.p*Maps, (BT!, B*A(1))

induces a fiber sequence by taking global sections:

Maps, ((BTH)/W, B*A(1)) - Maps, (BT!)/N(T), B*A(1)) - Hom(A & A%, A(-1))™.

(2.13)

Here, the third term arises by base change along (2.12): The complex corresponding to
Maps, (BT, B*A(1)) is concentrated in degrees > -2, with cohomology Hom(Af, A) in the
lowest degree (cf. §2.1.3), while reduced cohomology of BT is concentrated in degrees > 2,
with Hom(A,-) in the lowest degree.

From (2.13), we see that W-equivariant pointed morphisms BT! - B*A(1) form a full
subcategory of Ng(T)-equivariant ones. It remains to show that the image of (2.11) in

Hom(A ® At A(~1))W vanishes. For this, we may restrict (2.11) along BT - BNg(T) and
identify the resulting morphism

fime : (BTH/T - B*A(1) (2.14)
as a family of pointed morphisms BT# — B*A(1) parametrized by BT. By the commutator
computation of [Zha22, §5.2], (2.14) is the sum of the constant family gy with the morphism

b (U W):BT x BT! - B*A(1),

which vanishes because A! is the kernel of b. This implies that (2.14) is the constant family
wry over BT, so its class in Hom(A ® A, A(-1)) vanishes. O
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Remark 2.1.15. The W-equivariant E.-monoidal morphism (2.7) is canonically assigned
to G, i.e. independent of the choice of B and the splitting of B - T. While this can be
verified directly following [Zha22, §5.2.6], let us offer a cleaner treatment.

Denote by Torel the S-scheme parametrizing subgroup schemes T c B ¢ G, where B is a
Borel subgroup and T is a maximal torus of G. Any choice of a base point e : S - Torel
realizes Torel as isomorphic to G/T. Thus, the geometric fibers of the structural map

m : Torel - S (2.15)

have the cohomology of the flag variety of G. From this, we deduce that for any complex of
torsion étale sheaves of invertible order over S concentrated in degrees > -2, the cofiber of
the pullback map
7" :T'(S,A) - I'(Torel, A) (2.16)

is concentrated in degrees > 0. Furthermore, the choice of a base point e realizes H® of the
cofiber of (2.16) as H?(Torel mod e, H2A).

Let us perform the construction of the W-equivariant E.-monoidal morphism (2.7) with
respect to the universal Borel and maximal torus over Torel. This yields a W-equivariant
E-monoidal morphism

pirt : Brore TF = Torel x BT - B*A(1). (2.17)

It remains to show that (2.17) descends along (2.15). Note that this is a condition
instead of additional data, by the computation of the cofiber of (2.16) above, applied to A
the complex corresponding to Mapsg_ (BT, B*A(1))WV. To check that this condition is met,
we may work étale locally on S and choose a base point e of Torel, realizing the obstruction
as an element of

H?(Torel mod e, H2A) ~ H?(Torel mod e, Hom(Af, A)"V)
~ Hom(Aye, Hom(Af, A)V(-1)) c Hom(As. ® A}, A(-1)).

However, by the commutator computation of [Zha22, §5.2], this element is the restriction of
the symmetric form b along A,. ® A ¢ A ® A, which vanishes by definition of Af.

2.1.16 G,q-equivariance of pg,.. We note a variant of the construction of §2.1.11.

Consider the Gaq-action on Gg. by conjugation. It induces a Gaq-action on BGg.. Since
the pullback g, of p to G is uniquely determined by its quadratic form (cf. §2.1.3), it is
naturally Gaq-equivariant, i.e. puq,. factors through

fic.. : (BGc)/Gaa — BHA(L). (2.18)

Note that (BGg.)/Gaq is canonically identified with the classifying stack of Gy % Gaq,
so (2.18) may be viewed as an étale level for the reductive group scheme Gy % Gnq with
universal Cartan Tge x Toq.

Let us compute the symmetric form

b (Age @ Apd) ® (Age ® Anq) — A(-1) (2.19)
associated to (2.18).

Lemma 2.1.17. The symmetric form (2.19) equals the matrix

b= ((gic)f %1) (2.20)

where by is the restriction of b to Ag. and (bl)f is the transpose of by.
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Proof. We may choose a Borel subgroup B ¢ G and a splitting of B - T, realizing T
(respectively T,q) as a maximal torus of Gg. (respectively G,q). The restriction of (2.18)
along Ty ¢ Gge, Taq € Gag yields

fir.. : (BTs)/Taa - B*A(1), (2.21)

which we may view as a family of pointed morphism BTy, — B4A(1) parametrized by BT 4.
By the commutator computation of [Zha22, Proposition 5.5.4], (2.21) is the sum of the
constant family pp_ . with the morphism

by ® (TR W) : BT, x BT,q — B*A(1)
where by is the form (2.5). The equality (2.20) follows. O

2.1.18 Trivialization along A},. We are now ready to construct the canonical trivialization
of (2.7) over the sublattice Al ¢ Af. Since the pullback of urs to Tk, := Al ®z G,, is
canonically Z-linear (cf. §2.1.3), it suffices to trivialize the value of v on the basis {af}sen
of Af_. We shall do so using the extension fig.. (cf. §2.1.16).

Indeed, Lemma 2.1.17 implies that Al ® A,q belongs to the kernel of the symmetric form
b attached to fig.. (cf. Remark 2.1.9). The constructions of §2.1.10-§2.1.13, applied to fig
yields a Weyl-equivariant E.-monoidal (in fact, Z-linear) morphism

7: Al @ Aug — BA.

On the other hand, the Weyl group W of G embeds naturally in the Weyl group of
Gge @ Gaq, where its action on Ag. ® A,q is determined by the formula

w(0,\) = (0,\) = (w(X) = \,0) (2.22)

sc?

for any w e W and A € A,q. This follows, for example, by realizing T as a maximal torus of
G and performing the following computation in Gg. % Toq for any w € Gy lifting w:

(w,1)(1,t) (", 1) = (W, 1) (¢~ ¢4, 1)(1,1)
= (wtw 't 1) (1,8) = (w(t)t™, 1) (1, ).
Altogether, we arrive at a diagram of W-equivariant E.,-monoidal morphisms
Al c Al.@ A
f lﬁ (2.23)
AP Y5 B?A
Writing w € Anq for the fundamental coweight associated to a and d := ord Q(«), we obtain

canonical isomorphisms using (2.22) and the equivariance of 7 with respect to the simple
reflection s5 € W:

v(ah) = 7(at,0) = 7(s54(0, —dw)) - (0, —dw)
~ (0, -dw) - 7(0, —dw) ~ 0.
This provides the desired trivialization of v(at).

Remark 2.1.19. An a priori different trivialization of (2.7) over Al is constructed in
[Zha22, §6.1.5]. We have not compared these trivializations, although it seems likely that
they coincide. The advantage of the trivialization constructed in §2.1.18 is that it can be
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directly related to the affine Grassmannian (c¢f. Lemma 6.3.6). This relation will ultimately
be responsible for the canonicity of our twisted geometric Satake equivalence.

2.1.20 Construction of v. Assuming that G is split, we have constructed the E.,-monoidal
morphism (2.7) together with a trivialization over Al. (c¢f. §2.1.18). In view of (2.4), the
morphism (2.7) factors through an Eo.-monoidal morphism

v:Zy -~ BZA. (2.24)

The Eo-monoidal morphism (2.24) is functorially assigned to (G, ), so for any reductive
group S-scheme G, we obtain v by étale descent.

2.1.21 The ¥-shift. Finally, we involve the geometry of the base curve X.

Let us assume that A admits nontrivial 2-torsion. By our assumption that |A| is invertible
in k, this forces chark # 2.

Since the restriction of b to A vanishes, the restriction of Q to A is a linear form valued
in A(-1)2_tors, the subsheaf of A(-1) of 2-torsion elements. It factors through 7y via (2.4),
defining a character

€: 71 = A(=1)2tors- (2.25)

Denote by Qx the canonical line bundle of X relative to k and consider the image W(Q5x!)
of Q%' under ¥ (¢f. Remark 1.1.10), viewed as a global section of B%Z(1). Taking tensor
product with (2.25), we obtain a Z-linear morphism

9= e®W(0%) : Zy — BE(Asiors)- (2.26)
We may then add (2.26) to (2.24) to obtain the E-monoidal morphism
v+10: Zy - BYA, (2.27)

which we call the 9-shifted dual datum.
By convention, the notation v + 9 stands for v itself when A has trivial 2-torsion.

Remark 2.1.22. Since (2.25) is 2-torsion-valued, the formation of (2.26) only depends on
the reduction of ¥(3') mod 2. In particular, we may replace Q3" by Qx without changing
(2.26). The fact that we prefer Q3! is because it arises naturally from the geometry of the
affine Grassmannian (cf. the proof of Proposition 4.2.6).

Note that the reduction of W(03!) mod 2 is the ps-gerbe of ¥-characteristics over X. In
particular, a choice of a ¥-characteristic trivializes (2.26) and renders the ¥-shift irrelevant.
When the ground field k is algebraically closed or a finite field, then ¥-characteristics over
X always exist (cf. [AtiT1]).

2.2. Twisted H-representations.

2.2.1. We will now invoke the coefficient data of §1.3.1.

For each S € Sch, we write Lis(S) for the full subcategory of D(S) consisting of locally con-
stant sheaf of finite-dimensional e-vector spaces, viewed as a symmetric monoidal category
under tensor product.

Given a coalgebra A in Ind Lis(S), we write A-Comod(Lis(S)) for the symmetric monoidal
e-linear category of A-comodules in Lis(S).

The structure sheaf Oy admits the structure of a Hopf algebra in Ind Lis(X). Thus, we
obtain an étale sheaf of symmetric monoidal e-linear categories Repy over X, sending S to
Ou-Comod(Lis(S)). We write Repy for its global section.
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2.2.2. For a moment, let us assume that Zy is constant. (This happens for example when
G is split, ¢f. §2.1.6.) Then for any & € Zu, we have the full subsheaf .’Repf{ c Repy consisting
of objects on which Zy acts via the character £. The assignment £ — fRep% realizes Repy as
a Zy-graded sheaf of e-linear symmetric monoidal categories (cf. §A.2.4, §A.2.6).

Let us apply the twisting construction of §A.2.7, with the E.-monoidal morphism Zy —
B?e* given by the composition of (2.27) with (the deloop of) ¢. This yields a Zu-graded
étale sheaf of e-linear symmetric monoidal categories Repg ,+v9-

Since étale sheaves of symmetric monoidal e-linear categories satisfy étale descent, the
construction of §2.2.2 generalizes to the case where Zu is locally constant. Thus, we obtain
an étale sheaf of symmetric monoidal e-linear categories Repy ,+9, whose global section is
denoted by Repy .,y

Objects of Repy ,,, are called (v +19)-twisted H-representations on e-local systems.

2.2.3. Next, we extend the construction of Repy ,+9 to finite products of copies of X. By
étale descent, it again suffices to treat the case where Zy is constant.

For any finite set I, the external tensor product O%! is a Hopf algebra in Ind Lis(X"). We
write Repym for the étale sheaf of symmetric monoidal e-linear categories over X!, sending S
to O®!-Comod(Lis(X")). Then Repyar lifts to a (Zy)®'-graded sheaf of symmetric monoidal
e-linear categories.

Applying the twisting construction of §A.2.7 with the E-monoidal morphism

(v+9)*: (Zn)™ - (BX:A)®!
Z B2 A S BLe (2.28)

we obtain a (Zg )®-graded étale sheaf of e-linear symmetric monoidal categories Repyar (,49)=t
over X!, with global section Repyer (1 19)ar-

Remark 2.2.4. Let us explain the functoriality of Repyar ()= with respect to the finite
set I, in parallel with Remark 1.3.11.

Indeed, given a morphism of finite sets ¢ : I - J, we have an induced morphism A, :
X7 - X!, hence a pullback functor (A,)* : Lis(X') - Lis(X”). There is a natural morphism
of Hopf algebras (A,)*(0%') —» 0% in IndLis(X”), compatible with restrictions of (2.28),
so we obtain a functor of symmetric monoidal e-linear categories

(A@)* : RepHI,(uH9)EI - RepHJ,(lH—ﬁ)E’J?

which respects compositions of morphisms of finite sets.

2.2.5. Next, we shall rewrite Repyar (,,, 9= in terms of an “L-group”. To do so, we need to
extract the Z-linear part of v (c¢f. §2.1.20).

Let us perform this construction in a more abstract setting: Let = be an étale sheaf of
abelian groups over a base scheme S over which A has invertible order. There is a fiber
sequence of étale sheaves of Z-linear spaces

Mapsz(Z,B*A) - Mapsg_ (Z,B*A) - Hom(Z, Ag-tors), (2.29)
where the first map is induced from the forgetful functor and the second map is defined
as follows: Given an E.,-monoidal morphism = — BzA, its fiber is a symmetric monoidal

extension = of Z by BA. Associating to each ¢ € E the commutativity constraint ce ¢ : E®& =
£ ® € defines a character = — Ao os.
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A key observation, due to Gaitsgory and Lysenko (cf. [GL18, §4.8]), is that (2.29) canoni-
cally splits. To construct this splitting, we may assume Ay o5 ~ Z/2 and treat the universal
case = := Z/2, where we lift the identity character of Z/2 to the Eo-monoidal morphism
Z/2 > B2Z/2 which is trivial as an E;-monoidal morphism, but with commutativity con-
straint specified by the pairing

Z/207Z[2—~7Z[2, a®bw~ ab.

2.2.6. Let us apply the above construction to S := X and Z := /%8 Using the splitting of
(2.29), we may project v onto a Z-linear morphism

Oy : Zy — BXA. (2.30)

We shall also involve the ¥-shift (cf. §2.1.21): Using v instead of v in the construction
of (2.27), we obtain a Z-linear morphism

Ou +9: 72y - BZA. (2.31)

Remark 2.2.7. The image of v along the second map of (2.29) is a homomorphism Ly —
As tors. By [Zha22, Proposition 4.6.6], this coincides with the homomorphism (2.25) under
the canonical isomorphism

A(_I)Q—tors = A2—tors~

2.2.8 The L-group. We now assume that X is geometrically connected and affine. This
hypothesis implies that X is an algebraic K(m,1)-space (¢f. [MO15, §1.4]).

We fix a geometric point Z of X and write Zy z (respectively Hz) for the fiber of Zy
(respectively H) at Z, which is equipped with a natural 7¢*(X, z)-action.

We also fix an algebraic closure Q, of Q, containing e. Inducing (2.31) along ¢, we
obtain a Z-linear morphism Ty — Biég, or equivalently an étale Zy(Q,)-gerbe. Choose a
trivialization of this Z (Q,)-gerbe over Z and denote by “Zy x its fundamental group, which
is well-defined by the K(m,1)-property of X (cf. [Weil8, Theorem 19.6]). By construction,
LZH’X fits into a short exact sequence

1-Znz(Qy) » “Zux - m8"(X,7) > 1 (2.32)
satisfying the following properties:

(1) the conjugation action of “Zy x on Zn z(Q,) factors through the natural action of
(X, 7) on Zz(Qy); B
(2) there is a finite extension e c e; contained in Q, and a finite quotient 7$*(X,z) » T
such that (2.32) is induced from an extension of I' by Zy z(e1).
Finally, we define the L-group to be the short exact sequence induced from (2.32) along
the 75 (X, )-equivariant inclusion Zg z(Q,) = Hz(Q,):

1 Hz(Qy) - "Hx » 7" (X, 2) > 1. (2.33)

Remark 2.2.9. The extension (2.32) is constructed using (2.31) as input, the latter being
the sum of Z-linear morphisms v and 9. We may apply the same construction to ¢ and
9 individually, obtaining extensions LZS)X, respectively LZg)X, of T{4(X,Z) by Znz(Q,).
Then (2.32) is the Baer sum 7 7

Mmx = MG+ G
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We shall explain in §7.4 that LZ%{)X (defined by ) is Weissman’s “meta-Galois twist”
(cf. [Weil8, §4], also called the “first twist” in [Weil4]) when k is a finite field.

2.2.10. We remain in the context of §2.2.8 and fix a finite set I. The product X! is also an
algebraic K(m,1)-space. Applying the construction of loc.cit., with (2.31) replaced by the
Z-linear morphism
(v +9)®: (Zy)®' - BLA,
we obtain a short exact sequence
- HL(Qp) > "Hy — ny" (X', 2") ~ 1.
Denote by Rep(LH& ) the symmetric monoidal category of continuous “Hyi-representations

on finite-dimensional Q,-vector spaces which are algebraic over H.(Q,). On the other hand,
recall the symmetric monoidal category Repyar (,,,g)a (¢f. §2.2.3), with e replaced by Q,.

Proposition 2.2.11. For any finite set 1, there is a canonical equivalence of Q,-linear
monoidal categories

RepHxl’(VJrlg)mI ~ Rep(LHXI). (2.34)

Proof. Tt follows from [Zha22, Proposition 6.4.8] that Rep(“Hx1) is canonically equivalent
to Repyar (0,,49)er as Q,-linear symmetric monoidal categories.

It remains to observe that (°v +9)®! and (v + ¥)®! are isomorphic as E;-monoidal mor-
phisms, but this follows from the fact that the splitting of §2.2.5 is defined by an E;-
monoidally trivial morphism. O

Remark 2.2.12. The equivalence (2.34) is natural in I in the following sense: Given a map
of finite sets ¢ : 1 — J, we have a commutative square

Repyar (,p9)m = Rep(“Hx1)
J((Aq,)* l(A«p)* (2.35)
Reppas 4oy = Rep("Hxo).

where the left vertical arrow is defined as in Remark 2.2.4 and the right vertical arrow is
restriction along the natural map A, : LHys —» "Hyxr corresponding to ¢. Furthermore,
(2.35) is compatible with compositions.

2.3. Statement of the equivalence.

2.3.1. Let X be a smooth curve over a field k and G be a reductive group X scheme. Let
e be a finite extension of Qy, for a prime ¢ invertible in k. We assume the existence of a
square root e(1) of e(1) over Speck and fix it. Let ¢ : A — e be a finite subgroup and x be
an A-valued étale level of G.

For any finite set I, we have defined the symmetric monoidal e-linear abelian categories
"Satg ¢(Hecg 1) (cf. §1.3.16) and Repysr (,,gyar (cf. §2.2.3).

The statement below is our version of the geometric Satake equivalence.

Theorem 2.3.2. For any finite set 1, there is a canonical equivalence of symmetric monoidal
e-linear categories

"Satg,¢(Hecg 1) = RepHm)(Vﬂg)m. (2.36)
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Remark 2.3.3. In our formulation of Theorem 2.3.2, we sacrificed some generality by
invoking the square root e(%). This is done so that the dual group H appears naturally in
the equivalence (2.36).

As in the classical setting, one can remove half-integral Tate twists by not incorporating
any Tate twist in the definition of the constant term functor (¢f. §1.5.2). This would lead
to a different fiber functor, hence a different Tannaka dual H&*°™. The analysis is parallel
to [Zhulb, Appendix A}, so we will omit it.

Remark 2.3.4. We formulated Theorem 2.3.2 for f-adic constructible sheaves. This is
motivated by our main application for global function fields.

When the ground field k is C, we may also define *Satg ¢(Hecq 1) using constructible
sheaves of e-vector spaces (for any field e of characteristic zero) in the classical topology, or
using algebraic D-modules. Our proof of Theorem 2.3.2 applies in these contexts.

2.3.5 Functoriality in 1. The equivalence (2.36) will be natural in I with respect to the
functorialities specified in Remark 1.3.11 and Remark 2.2.4.

More precisely, for any map of finite sets ¢ : I — J, there is a canonical 2-isomorphism
rendering the following diagram of symmetric monoidal e-linear categories commute:

+Sat97C(HeCG’I) ~ RepH@I’(Vﬂg)mI
l‘”’ sy (2.37)
+Sat9,<(HecG¢J) ~ RepHxJ7(Vﬂg)mJ

Furthermore, the 2-isomorphism in (2.37) respects compositions of maps of finite set.

2.3.6 Compatibility with constant terms. Let P be a parabolic subgroup of G with Levi
quotient P - M. The pullback of the étale level u along P c¢ G canonically descends to
an étale level uy of M. Applying the construction of the metaplectic dual data to uy, we
obtain (Hy,vm) (cf. §2.1).

By construction, there is a morphism

hp i Hy - H (2.38)

of locally constant étale sheaves over X of pinned split reductive group Z-schemes. It induces
a morphism hp ZH - ZHM of characters of the centers with vy o hp ~y,
The equivalence (2.36) renders the following diagram commute

+Sat9,<(HeCGVI) ~ RepHgI’(Vﬂg)mI

o

*Satg ¢ (Heenr) = Repyar (e

where CTp is the constant term functor (1.54) and hf is restriction along (2.38).

Remark 2.3.7. In the context of §2.2.8, we have defined the category Rep(*Hx) (and more
generally Rep(“Hx1) for a finite set I). By combining (2.34) and (2.36) and replacing e by
Q,, we obtain a canonical equivalence of monoidal Q,-linear categories

Satg,C(HecG,I) ~ Rep( Hx1) (2.39)

natural in I. Here, we omitted the normalization of the Satake category as it does not affect
the underlying monoidal category (cf. Remark 1.3.17).
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3. POINTWISE STUDIES OF THE SATAKE CATEGORY

Throughout this section, we fix a smooth curve X over an algebraically closed field k and
a split reductive group X-scheme G. Let e be a finite extension of Qg, for a prime ¢ invertible
in k. We shall also fix a square root e(%) of e(1). Let ( : A = e be a finite subgroup and p
be an A-valued étale level of G.

The goal of this section is to study e-linear abelian category Satg (Hecg ) for a k-point
x of X (c¢f. §1.3.7). Namely, we will prove that it is semisimple and identify its simple
objects. In fact, we will prove a stronger assertion where we allow x to be any S-point of
X (¢f. Theorem 3.3.5). The proof of this theorem is an adaptation of Lusztig and Yun’s
method in handling monodromic Hecke categories (c¢f. [LY20]). This idea of using [LY20] is
suggested by Gurbir Dhillon.!?

3.1. Schubert cells.

3.1.1. We use the notation §2.1.2 for notions associated to G. Furthermore, we fix a maximal
torus and a Borel subgroup T ¢ B ¢ G. (In particular, T is identified with the universal
Cartan of G.) Denote by A* c A the submonoid of dominant coweights.

We shall work over one copy of X and write Hecg for Hecg 11y (¢f. Remark 1.3.11). We
use similar notation Grg, L*G, LG, etc.

3.1.2. For any A € A, we write Hecg (respectively Gré) for the corresponding Schubert cell
of Hecg (respectively Grg).

Denote by @” : X - Gry the map sending 2 to the modification O ~ O(AT,,) of T-bundles.
We use the same notation for its composition with the inclusion into Grg (and also for its
further composition with the projection onto Hecg). By definition, the L*G-action on
@ : X > Grg has orbit Grgy and stabilizer L*G nw*L*Gw .

Denote by P* ¢ G the parabolic subgroup generated by root subgroups N, corresponding
to those roots & with (@, \) < 0.14 Denote by M* the Levi quotient of P*. With the above
notation, we have morphisms

A
X =5 Heel, ¢ Hecg

lﬂx (3.1)
Bx (M)
where 7 is the composition (cf. [Zhul7, §2.1])
Hec, = Bx (LG n@w*L*Gw ™) - Bx (P*) » Bx (M?). (3.2)

3.1.3. Denote by Gy the restriction of the A-gerbe Gnecs (¢f. §1.1.7) to Hecy,. We shall
determine Gy in relation to the morphisms in (3.1).

Write G.» for the pullback of Gee., along w?. Tt is an A-gerbe over X, so it defines an
A-gerbe G x|z on any X-prestack Z by pullback.

13 At least when the étale level p admits an integral lift (cf. §C.1), the recent work [DLYZ25] goes much
further than what we prove in this section.

L41f we assume A € A*, then P* is opposite to the standard parabolic subgroup corresponding to simple
roots orthogonal to A.
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On the other hand, the fiber sequence (2.1) yields an isomorphism
Hom(m1 (M), A(-1)) = Maps.(Bx (M*), B A),
so any character y : 7 (M) - A(-1) induces a pointed morphism x ® ¥ : Bx (M*) - BXA,
where ¥ is the Kummer morphism (¢f. Remark 1.1.10).

Let b the symmetric form associated to p (cf. §2.1.5). By construction, all roots of M*
are orthogonal to A\. The equality (2.3) thus implies that the character b(A,-) : A - A(-1)
factors through 71 (M?), so we obtain a pointed morphism

b(\,-) ® ¥ : Bx (M) - BXA.
The following result is an analogue of [FL10, Lemma 2.4] for étale levels.

Proposition 3.1.4. There is a canonical isomorphism of A-gerbes

Gttecs ~ (S lteey) = (1) (B(A,) © W), (3.3)
3.1.5 The forms ba. For the proof of Proposition 3.1.4, as well as for many later purposes,
we shall recall the canonical quadratic structure on u (cf. [SZ25, Proposition 3.1.3]).

To state it, we need the bilinear pairing
by : m G @ Fib(A - Auq) = A(-1),

characterized by the property that the adjoints of by, b, by (cf. §2.1.5, §2.1.8) fit into a map
of fiber sequences

Fib(A > Apa) -2 Hom(m G, A(-1))

| !

A —L—— FHom(A,A(-1)) (3.4)

J !

Mg —2— Hom(Ase, A(-1))

In particular, by tensoring by with the self-tensor product of the Kummer morphism
¥®2:BG,, ® BG,, -~ B*Z(2), we obtain a pairing

by ® U®%: BG,p, ® BZ - B*A(1). (3.5)

3.1.6 Canonical quadratic structure. Consider the BZ-action on BG induced from the Z-
action on G. Denote by
a:BGxBZ - BG

the action morphism and by p1, p2 the projections of BG x BZ onto BG, respectively BZ.
By [SZ25, Proposition 3.1.3], there is a canonical isomorphism

a*p= (p1) p+ (p2)* pz +bo ® U2, (3.6)
where p17 denotes the pullback of y along Z c G, and we (slightly abusively) use by ® ¥®2 to
denote the pullback of (3.5) to BG x BZ.

Furthermore, (3.6) is compatible with the canonical trivializations of the two sides along
e x BZ, respectively BG x e, and admits natural cocycle data over BG x BZ x BZ.

Remark 3.1.7. For G =T a split torus, we have by = b and (3.6) reduces to the canonical
quadratic structure constructed in [Zha22, Proposition 4.7.3]. For the proof of Proposition
3.1.4 (but not for later purposes), this special case is sufficient.
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3.1.8. Let us now construct the isomorphism (3.3).

Proof of Proposition 3.1.4. Recall that 7 is the quotient of the affine-space fibration Gré -
G/P* by the action of L*G — G, which has a pro-unipotent kernel. Thus, pullback by 7
induces an equivalence of (discrete) groupoids

(7)* : Maps, (Bx (M*), B%A) ~ Maps, (Hecgy, BXA), (3.7)

where Hecgy is viewed as a pointed X-stack via w™.

The left-hand-side of (3.3) admits the natural structure of a pointed morphism Hecg, —
BXA, so it remains to identify it with the image of b(),-) ® ¥ under (3.7).
The inclusion T c G gives rise to a commutative square

Maps, (Bx(M*),B%A) = Maps, (Hecg, BXA)

| !

Maps, (BxT,B%A) = Maps,(Hec},BXA)

where the vertical arrows are fully faithful (¢f. §3.1.3). Thus, it suffices to construct the
isomorphism (3.3) after restriction to Hecﬁ_‘«, or equivalently to its reduced locus BxL*T.

Let P be an R-point of BxL*T, viewed as a T-bundle over D, with z € X(R). It defines
the R-ponit P & P(Az) of Hec}. The value of Gec, at this R-point is the image of
uw(P(Az)) - u(P) e (D, mod D,, B*A(1))
under the trace map (cf. §1.1.11). We shall use the canonical quadratic structure (3.6) (for
G =T) to identify this section:
W(PO)) - u(P) = p(O(\2)) + (b® U52)(P, O(Ax)).
Note that under the trace map, u(O(Az)) yields the value of G |Heer-

It thus remains to identify the image of (b® U®2)(P,O()\z)) under the trace map with
the image of P|r, under b(),-) ® ¥. To do so, we shall write

(b® ¥®?)(P,0(Az)) = (b(A,-) ® ¥)(P) ® ¥(O(x)),
where (b(),-) ® ¥)(P) is viewed as an object of I'(D,,B*A) and ¥(O(z)) is viewed as an
object of T'(D, mod D,,B*Z(1)).
Note that (b(),-) ® U)(P) canonically descends to (b(A,-) ® U)(P|r, ) along D, — SpecR.
We thus obtain the desired identification

try (b ® U)(P,0(Ax))) = tro ((b(A,) ® ¥)(P) ® U(O(x)))
~ (b(A,1) ® ¥)(Plr,) ® tr (¥ (0(2))) = (b(A,-) @ ¥)(P]r, )
from Remark 1.1.9 and Remark 1.1.10. O

3.1.9. Given an S-point = of X (S € Sch), we have oo-category Dg ¢(Hecg ;) (cf §1.3.3).

We shall use Proposition 3.1.4 to show that its objects are supported on (the base change
of) Schubert cells Hecé@ corresponding to A € A}, (Recall that Af denotes the kernel of b,
cf. §2.1.6.) More precisely, we have the following vanishing statement.

Corollary 3.1.10. Let z be an S-point of X (Se€Sch) and A e A~ At. Then
D97C(Hecé;7x) ~ 0.
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Proof. The vanishing of any A € DgyC(Hec()‘}’m) may be checked on fibers, so we reduce to
the case S = Speck. The condition A ¢ Al is equivalent to the nontriviality of the A-gerbe
b(\,-) ® U over the classifying stack B(M?*) (cf. §3.1.3).

By Proposition 3.1.4, the restriction of Gyec, to Hecé@ is mon-canonically isomorphic to
the pullback of b()\,-) ® ¥ along 7*. Thus the result follows from Lemma B.2.2, applied to
Speck and a finite type quotient of L7 G n w)‘L;Gw‘)‘. O

3.1.11. Next, let us study the case A € Af more closely.

Corollary 3.1.12. For each X € A}, there is a canonical isomorphism of A-gerbes

9Hecg = 9w)‘|Hec’C\;' (38)
Proof. The isomorphism (3.8) is supplied by (3.3) and the trivialization of its right-hand-side
coming from the vanishing of b(},). O

3.1.13. By Corollary 3.1.12, the A-gerbe SHQC?3 descends to X for any A € Af. In particular,
given Ay € WA, where W is the Weyl group, we obtain an identification

9w)‘1 = ka (39)
from the fact that w*, w™* belong to the same L*G-orbit.

On the other hand, the restriction of u to Tt is W-equivariant by Lemma 2.1.14. It follows
that the A-gerbe Gpec, is also W-equivariant. This yields another identification

Sw*1 = 9w’\7 (310)
which may a priori differ from (3.9). Let us show that this is not the case.
Proposition 3.1.14. Given X\, A1 € At in the same Weyl-orbit, the identifications (3.9) and
(3.10) are canonically isomorphic.
Proof. Recall the canonical G-equivariance structure on u (¢f. §2.1.11). It induces an L*G-
equivariance structure on Ga, as follows: Given R-points g of L*G and PY < P! of Grg
lying over the same R-point x of X, the G-equivariance structure on y yields an isomorphism
in T'(D, mod D,,B*A(1)):
u(g(Ph)) = u(g(P%)) = p(P') = u(P°), (3.11)
where g(P1), g(P°) are the twists of P*, P® by g (cf. Remark 2.1.12). The desired L*G-
equivariance structure on Gg, is obtained from (3.11) via the trace map (cf. §1.1.11).
It suffices to prove that this L*G-equivariance structure on Yg,, agrees with the one
coming from the descent data of Gpec.. Indeed, the former L*G-equivariance structure
induces (3.10) while the latter induces (3.9).

Note that the L*G-equivariance structure coming from the descent data of Gyec, corre-
sponds to the isomorphism

u(g(P1)) = u(g(P?)) = u(P') - u(P?) (3.12)
arising from the identification of g(P%) ~ g(P') and P° ¥ P! as R-points of Hecg. This
identification is in turn defined by the canonical isomorphisms of G-bundles g(P°) ~ P,

g(P') 2 P!, ¢f. Remark 2.1.12. It follows from the loc.cit. that the difference between (3.11)
and (3.12) is given by the trivial section

(Qu)(g) - (Qu)(g) =0
of T'(D, mod D,,B3A(1)), so (3.11) and (3.12) agree. O
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3.2. Properties of ULA sheaves.

3.2.1. In this subsection, we establish a few useful properties of ULA sheaves over the local
Hecke stack, by characterizing them in terms of Schubert cells. These are analogues of
results in [FS24, §VI1.6].

We remain in the same context as §3.1.1. Moreover, let us write Ab* := AfnA*. This is the
monoid parametrizing Schubert cells which support nonzero (SGyec , ¢)-twisted constructible
complexes (cf. Corollary 3.1.10).

Proposition 3.2.2. Let x be an S-point of X (S € Sch) and A be an object of Dg ¢(Hecg ).
The following are equivalent:

(1) A is ULA relative to S;
(2) for each X € Ab*, the pullback of A along @™ : S — Hecg . is locally constant.

Proof. For each \ € A*, we write j* : Hecg‘;@. < Hecg , for the immersion of the Schubert
cell. Recall that Hecé‘;,x is the quotient of S by an affine group scheme which is an extension
of M* by a pro-unipotent affine group scheme (cf. §3.1.2).

(2) = (1). By Corollary 3.1.10, the pullback of A along w” vanishes for A e A* \ Ab+.
Thus, if the pullback of A along w” is locally constant for A € Ab*, then A is an iterated
extension of objects of the form (j*),;B, where B ¢ Dg,C(Hecé@) is locally constant.

We shall argue that (j2)B is ULA relative to S. Indeed, by [HS23, Corollary 3.9], we
may assume that x : S — X is the spectrum of the henselian local ring of a k-point = of X.
By (2.1), the pullback of p along S — X then descends to Speck. By choosing a uniformizer
w at x, we realize Hecg , as the base change of Hecg z along S — Speck, compatibly with
the A-gerbe Gpec,. The assertion now follows from base change along

DN
J
Hecé,w — Hecg ¢

Lo

Y
Jz
Hecé‘;,i = Hecg z

and the fact that any object of Dg (Hecg z) is ULA relative to Speck (cf. Remark B.1.9).
(1) = (2). Suppose that A is ULA relative to S. Let A be an element of A* whose
corresponding Schubert cell is open in the support of A. In particular, A € Ab* (¢f. Corollary
3.1.10). Then the pullback of A along @ is locally constant. This implies that B := (j*)*A
is locally constant as well, so (j*);B is ULA relative to S by the argument above.
We may now replace A by the cofiber of (*);B - A and proceed by induction. O

3.2.3. Let = be an S-point of X (S € Sch). Given A, B € Dg ¢(Grg,z), assumed ULA relative
to S, the formation of their internal Hom

Hom(A,B) e D(Grg o) (3.13)

commutes with arbitrary base change in S € Sch.

Indeed, writing D for the Verdier duality functor over Grg , relative to S, we may express
Hom(A,B) as D(A @ DB) (c¢f. Remark B.1.11). Furthermore, A ® DB is ULA relative to
S by Proposition 3.2.2, so the formation of its Verdier dual commutes with arbitrary base
change in S € Sch (¢f. §B.1.10).
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3.2.4. We shall use the base change property of (3.13) to relate the “stalk” and “fiber” of
the category of ULA sheaves over the local Hecke stack.

To be more precise, let  be a k-point of X and x : S — X be the inverse limit of étale
neighborhoods of Z. Pullback yields a functor

Dg’c(HeCGﬁz) g Dg’c(HeCG@). (314)

Proposition 3.2.5. The functor (3.14) restricts to an equivalence on the full subcategories
consisting of ULA objects (relative to S, respectively k).

Proof. Given ULA objects A, B € Dg ¢(Grg ), we have an identification
(meHom(A,B))z ~ Hom(Az, Bz), (3.15)

where 7 : Grg , — S is the structural map and Az, B; are the pullbacks of A, B to Grg ;.
Indeed, (3.15) follows from the ind-properness of 7 and the fact that (3.13) commutes with
arbitrary base change.

From (3.15), we deduce an isomorphism

Hom(A,B) ~ Hom(Az, Bz), (3.16)

where the Homs are taken in Dg ¢(Grg ), respectively Dg ¢(Grg,z). Now, assuming that
A, B are endowed with LY G-equivariance, we may compute their Homs in Dg :(Hecg z),
respectively Dg ¢(Hecg z) by taking LYG-, respectively LIG-invariants on (3.16). They
coincide by base change properties of the cohomology of BG. This implies that (3.14) is
fully faithful on ULA objects.

To show that it is essentially surjective, we observe that Dg (Hecg z) is generated by !-
extensions of constant sheaves from Schubert cells. These objects lift along (3.14) to objects
of the same kind, which are ULA by Proposition 3.2.2. 0

3.3. Generators.

3.3.1. We fix Tc Bc G as in §3.1.1. Let S € Sch and x be an S-point of X.
For each A € Ab* (cf. the notation of §3.2.1), we denote by Lisg_, ¢(S) the e-linear abelian
category of (Gx,()-twisted e-local systems over S.
Pullback along the structural morphism 7 : Hecg » = S, in view of the identification (3.8),
yields a functor ’
m :Lisg_, ¢(S) - Dg ¢(Hecg ). (3.17)

3.3.2. To make the target of (3.17) perverse!® relative to S and to incorporate the “correct”
amount of Tate twists, we shall instead consider the functor

({9, )27, \)] : Lisg_ ¢(S) > Dg ¢ (Heeg, ). (3.18)

Since (p, ) is a half-integer in general, the formation of (3.18) invokes e(%).

For each € € Lisg_, ¢(S), we write € for its image under (3.18). Denote by j*: Hecé@ -
Hecg , the locally closed immersion. We may form the following functors, called the stan-
dard, respectively costandard functors:

A*:lLisg_, ¢(S) > Dgc(Hecgo), &wPH(j*)E
V)‘ : Li59w)\7c(S) - D97C(HGCG7$), & pHO(jA) g

*

15As always, this means perverse relative to S after pulling back to Gré’z, cf. §1.3.7.
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Denote by D the Verdier duality functor over Grg , relative to S (¢f. §B.1.10). We have
the following basic result concerning A* and v*.

Proposition 3.3.3. Given A € Ab* and € € Lisg_, ¢(S), there holds

(1) the objects AME), V*(€) belong to Satg ¢ (Hecg . );
(2) the formations of AN(E), VN(E) commute with base change in S € Sch;
(8) there is a canonical isomorphism
DAMNE) = VMEY), for &Y := Hom(E,e) € Lis_g_, ¢(S). (3.19)

Proof. By Proposition 3.2.2, the complex (j)‘)gg € Dg,¢(Hecg ;) is ULA relative to S, for
any € € Lisg_, ¢(S). We have an isomorphism

D(j*) = (j1).D, (3.20)
where by a slight abuse of notation, we also use D for the Verdier duality functor over Grax
relative to S. It follows from (3.20) that (j*).€ is also ULA relative to S. Moreover, the
formation of both (5*),€ and (j*).& commutes with base change in S € Sch.

Statement (1) now follows from the fact that truncation functor PH® preserves universal
local acyclicity (cf. Remark B.1.13).

Statement (2) follows because PH® commutes with base change in S € Sch.
To prove statement (3), we shall argue that the morphism

DAME) - D)€, (3.21)
obtained by dualizing the degree-0 truncation (j*),€ — A*(&), is itself the degree-0 trunca-
tion of the connective complex D(5*),€.

This claim will yield the isomorphism (3.19), in view of the isomorphisms

DA*(€) = "H'D(j* )€
= PHO(j*).D(€) = v}(£Y),

where we used (3.20) and the fact that Gré@ — S is smooth of relative dimension (2p, A).

To prove the claim, we shall apply CTg to (3.21). Realizing CTg as a hyperbolic local-
ization (cf. the proof of Proposition 1.5.6), the image may be identified with

DCTg- AMNE&) - DCTg- ()€,

where D now stands for Verdier duality over Grr , relative to S, i.e. the functor Hom(-, e).
Since CTg- is t-exact (cf. Proposition 1.5.6), we may identify CTg- A*(€) with the degree-0
trunction of the coconnective complex CTg-(*)1€. Tt follows that D CTg- AN(€) is the

degree-0 truncation of the connective complex D CTg-( j)‘)gg. The claim now follows from
the t-exactness and conservativity of CTp (cf. Proposition 1.5.6). g

3.3.4. Given X ¢ Ab*, we define the functor, called the intersection cohomology
IC : Lisg_, ¢(8) — Satg ¢ (Hecg,q), (3.22)

which assigns to each € € Lisg_, ¢(S) the image of the natural morphism AMNE) - VA(€) in

Satg ¢ (Hecg ) (¢f. Proposition 3.3.3). Then the formation of IC*(€) also commutes with
base change in S € Sch. Summing (3.22) yields a functor of e-linear abelian categories

@ Lngw/\’C(S) - Satg’C(HecGw); (3.23)
AeAl:+
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By construction, we also have the following morphisms of functors:
A - ICH & v, (3.24)
The remainder of this section is devoted to the proof of the following result.
Theorem 3.3.5. The functor (3.23) is an equivalence.
3.3.6. Theorem 3.3.5 has a number of pleasant consequences.
Corollary 3.3.7. If x is a geometric point of X, then Satg ¢ (Hecg ;) is semisimple.

Proof. When S is the spectrum of an algebraically closed field, the category Li59wk7<(S) is
non-canonically equivalent to the category of finite-dimensional e-vector spaces. Hence the
assertion follows from Theorem 3.3.5. O

Corollary 3.3.8. The morphisms in (3.24) are isomorphisms.

Proof. Since the formation of A* and V* commutes with base change in S (cf. Proposition
3.3.3), we reduce to the case S = Speck. The same result implies that IC* - v* is the
Verdier dual of A - ICA, so it suffices to prove that the latter is an isomorphism.

Let € be a (G, ¢)-twisted local system over S. The kernel A of the surjection A*(€) —
IC’\(E) is supported on the complement of G:ré’z in its closure @éx By Corollary 3.3.7, the
injection A < A*(€) admits a retraction A*(€) - A, but any such morphism vanishes. [

3.4. Monodromic affine Hecke categories.

3.4.1. The main input in Theorem 3.3.5 is the parity vanishing statement for intersection
cohomology sheaves on the affine flag variety. Contrary to the untwisted situation, the proof
of this statement requires considering sheaves twisted by a family of A-gerbes.

We fix T c B c G as in §3.1.1 and a k-point x of X. Denote by W the Weyl group of
(G, T). It naturally acts on the cocharacter lattice A, and we may form the extended affine
Weyl group W := A x W, whose elements may be represented by t(A\)w (A € A, w € W)
where t: A ¢ W is the natural inclusion.

The group W2 admits a length function £ : W2 — Z.o, which may be expressed explicitly
by Matsumoto’s formula (cf. [BR18, §4.2]).

3.4.2 The co-category y, (DEH)XZ. Denote by I c LG the preimage of B~ under the projec-
tion map L}G — G, where B™ c G is the Borel subgroup opposite to B.
The Iwahori-Hecke stack Hec%fm := I\L,G/I admits the Bruhat stratification indexed by

W, Furthermore, it is equipped with three projection maps

P
Hec?fm — Hecg »

;/ i (3.25)
BI BI

where p is induced from the inclusion I ¢ L} G, and 7, 7 are defined by the left, respectively
right T-action on L,G. Denote by G the pullback of the A-gerbe Gpec., along p.

Since the projection I - B~ - T has a pro-unipotent kernel, we have a canonical isomor-
phism of abelian groups

Hom(A,A(-1)) ~ Maps, (BI, B*A),
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so any character x : A - A(-1) defines an A-gerbe xy ® ¥ over BI (cf. §3.1.3).
Given a pair of characters x1, x2 € Hom(A, A(-1)), we write ,, (D?H)X2 for the co-category

of (T*(x1® W) +G —7* (x2® ), ¢)-twisted constructible complexes over Hecégfz (cf. §1.3.3),
which we refer to as the monodromic affine Hecke category.

3.4.3 Convolution. The monodromic affine Hecke categories have the following “convolution
product”: Given a triple of characters x1, x2, x3 € Hom(A, A(-1)), there is a functor

X1(D2H)Xz x X2(D2H)X3 - X1(Dzﬂ)X37
A, B AoB:=m(p]ApsB), (3.26)

where m, p1, p2 refer to the three projections from HecaGH;:m to Hec*gfm defined by the natural

groupoid structure on Hec‘zfx (cf. §1.3.5).

The formation of (3.26) relies on the following identification of A-gerbes over Hecgﬂf’ﬂ[z]:

()" (T (1@ ¥) + G =T (e @ W) + (p2)" (7" (X2 ® V) + G 7" (x3 @ 1))
~ (p1) T (x1 ® ) + (1) G + (2)* G - (p2)* 7 (x3® V)
~m* (T (1 @ W) + G -7 (3 ® V),

where we used the identification 7 o p1 = To po in the first isomorphism to cancel out the
(x2®¥)-term, and the multiplicative structure on G (¢f. Lemma 1.1.14) with wop; = Tom,
7 opy =7 om for the second isomorphism.

The convolution product (3.26) admits an associativity constraint in the evident sense,
although we will not attempt to lift it to full homotopy coherence data.

3.4.4 W _action on characters. Observe that W acts on the set Hom(A, A(~1)): Given
an element v = t(\)w € W2 and y € Hom(A, A(-1)), we define

v(x) = w(x) - b(X,-), (3.27)

where w(x) is the contragredient action w(x) = x(w™(-)).
The fact that the formula (3.27) defines a W*-action follows from the W-invariance of
b, which is a consequence of (2.3).

3.4.5. For each v = t(\)w € W2 we have the Bruhat cell

v, aff v aff
J" +Hecq - > Hecg ..

The corresponding Bruhat cell Flg , in the affine flag variety Fla , := L,G/I has dimension
£(v). We shall consider the restrictions of the morphisms in (3.25) along j¥ without changing
the notation. For a pair of characters x1, x2 € Hom(A, A(-1)), we write XI(D?H”’)X2 for the
co-category of (T* (x1®W0)+G2F —7* (x2®W), ¢)-twisted constructible complexes over Hecgﬁg.
By Proposition 3.1.4, the restriction of the A-gerbe G*T along j¥ may be identified as

(jv)*gaff ~ %*(b(}\’ ) ® \I’) + (wa|Hecéff;v). (328)

This allows us to define pullback along 7 : HecaGﬂ;J — Speck ~ z as a functor

T Lngwhc((E) — _b(/\7.)(DZH’U)0. (329)
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3.4.6. To proceed further, we will make additional choices. Let w be a uniformizer at z. It
allows us to identify L} G (respectively L,G) with G[[w]] (respectively G((w))).

We furthermore choose a lift w € G for each w € W. With these choices, every v = t(A)w €
Wt admits a lift to G((@)), namely o := w.

We shall use v to relate the left and right I-action on Ivl ¢ G((w)). Namely, consider the
(IxI)-action on G((w)) defined by (by,b2)-g:= byg(bz)~!. The stablizer of v is the subgroup
I; ¢ Ix 1 consisting of points (by,bs) satisfying

by = vbo "
In particular, the reduction (by,bs) € T x T of (by,bs) satisfies
Bl = ”(1)(52)

We thus obtain a commutative diagram

Hect" = B(Iy)

7 ﬁ (3.30)

BT —~—— BT

where 7, 7 stand for the compositions of the morphisms in (3.25) with the projection onto

BT. It follows from (3.30) that we have an isomorphism of A-gerbes over Hecéi’ﬁv:

T (w(x) @ W) =7 (x © ). (3.31)
3.4.7. Using (3.31), we may view the pullback functor (3.29) as a functor
i Lisg_, (@) > w0 (D7) (3.32)

defined for any v = t(A\)w € W and x € Hom(A,A(-1)). Here, v(x) refers to the Waf-
action on Hom(A,A(-1)) constructed in §3.4.4.
As in §3.3.2, we shall incorporate shifts and Tate twists: For any & € Lisg_, ¢(), we

write € := w*&(@)[f(v)]. Then we define the standard and costandard functors

A; : Lngw)”C(.'E) - U(X)(Déﬁ))m & (jv)'§7
Vi Li59wh<(x) - U(X)(Déﬂ)w € (1)

Since j¥ is affine, the images of A} and V} are perverse (after pulling back to the ind-
scheme Flg ;). Thus, we may also define the intersection cohomology functor

IC; : Lis9w>\7C(I) - v(X)(Déﬁ)xa (3.33)

sending & to the image of the natural morphism (j°),& — (j°). €.
The key statement about IC}, which we shall prove, is the “parity vanishing” of its fiber
cohomologies. It is an analogue of [LY20, Proposition 3.12] for étale levels.

Proposition 3.4.8. Fizve W2 and x e Hom(A, A(-1)). The fibers of IC}, over Flg . are
concentrated in cohomological degrees n such that n + £(v) is even.

Remark 3.4.9. For our application of Proposition 3.4.8 (¢f. §3.6), we will only need the
case x = 0. However, in order to prove Proposition 3.4.8 for x = 0, we must work with all
possible choices of x. This feature is special to the twisted context.
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3.5. Parity vanishing.

3.5.1. The goal of this subsection is to prove Proposition 3.4.8, so we retain the notation of
§3.4. We begin by describing the restriction of G to dimension-1 Bruhat varieties.

Let S ¢ W be the subset of length-1 elements. By Matsumoto’s formula, an element of
S is one of the following kinds

(1) a finite simple reflection sz € W associated to & € A, viewed as an element of Wff
via the natural inclusion W ¢ Waft,
(2) aproduct t(6)s;, where 6 is a highest root (which we call an affine simple reflection).

For s € S, write P; ¢ G((w@)) for the corresponding subminimal parahoric group scheme.
The quotient P,/I is isomorphic to P!, so isomorphism classes of A-gerbes over P,/I are in
bijection with A(-1), where a € A(-1) corresponds to the class of a ® ¥(Op:1(1)).

3.5.2. Let us determine the restriction of G along the closed immersion
is: Ps/I > G(w))/I=:Flg . (3.34)

The following result is an analogue of the computation of the degrees of line bundles on
Grg,z, for G simple and simply connected, after pulling back to P,/I (¢f. [Fal03, Theorem
7]). It can be deduced from loc.cit., but let us offer a proof internal to A-gerbes.

Lemma 3.5.3. The isomorphism class a(s) € A(=1) of (is)*SG* is given by

0 s=sg foraeA
a(s) = , )
Q(0) s=t(0)ss for 8 a highest root
Proof. If s = s4 is a finite simple reflection, then Psc G[[w@]] is the pre-image of the standard
parabolic subgroup P4 c G corresponding to & € A. This implies that (3.34) factors as
P/l Pa/B = G[w]/1 > G(@)/L (3.35)

Since G is trivial over G[[w]]/I, we see that (i,)* G is trivial.
Suppose now that s = t(6)s; is an affine simple reflection. Let us identify the composition
of (3.34) with the projection onto Grg, ;:
Ps/I - Grg,,. (3.36)

We first extend 6 to a morphism f; : G5 = G, where Gy is simply connected of semisimple
rank 1, covering the root subgroups Ny, N_s of G. The morphism (3.36) factors through the
morphism Grg, . - Grg . induced from f5, so we may replace G by G4 and assume that G
is simply connected with unique simple coroot 6.

Denote by w the fundamental coweight of T,q and by Ky c L, G the subgroup scheme
wAL;Gw’)‘ for each A € A,q. Then K, c P, and this inclusion induces an isomorphism

K, /K, nKq~ P/, (3.37)

under which (3.36) corresponds to the natural inclusion
Ko /K, nKp c Grg s (3.38)
Let us form the group scheme G := G x T,q.'¢ Its center is the anti-diagonal copy of T, so

the natural embedding G c G induces an isomorphism of their adjoint forms. The inclusion

16T be more explicit, one may fix an isomorphism G ~ SLy and realize G as GLy.
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(3.38) for G, G are related by the commutative diagram

K,/K,nKo © Grg,

l l (3.39)

R./R.nK, © Grg.

Moreover, the lower inclusion in (3.39) coincides with the w(®*)-translate of the Schubert
cell in Grg , containing w(®79) with respect to the maximal torus T x T,q of G.

Since G is simply connected, we may extend p to an étale level 7 of G (¢f. §2.1.18).
Evaluating the symmetric form (2.19) of 7 at (0, -w), we obtain the character

A® Apg — A(-1) (3.40)

which annihilates the summand A,4 and sends 6 € A to —Q(6). It now follows from Proposi-
tion 3.1.4 (applied to G) that the restriction of S, along (3.38) coincides with the pullback
of —Q(#) ® ¥ along the composition

K. /K, nKo - K, /K, n K
~Ko/KonK_, » B(KgnK_y) 5 B(T x Taq) - BT = BG,, (3.41)
where 7 := 7(%7%) is the morphism defined in §3.1.2. The morphism (3.41) classifies the

tautological line bundle Op1(-1), upon identifying its source with P'. It follows that the
restriction of Gy, along (3.38) is classified by Q(0). O

3.5.4. For each x € Hom(A, A(-1)), we define the subset
Sy cS
of integral elements (with respect to x), which consists of

(1) finite simple reflections s4 satisfying x(a) = 0;
(2) affine simple reflections t(6)s; satisfying Q(6) + x(6) = 0.

Remark 3.5.5. With respect to the W*-action on Hom(A, A(~1)) (cf. §3.4.4), each ele-
ment s € S}, fixes x. This is clear when s is a finite simple reflection. When s =t(6)s; is an
affine simple reflection, this follows from

s(x) = 55(x) = b(8,-) = x = (6,-)x(6) = b(b,")
=x = (0,)(x(9) + Q(6)) = x,
where we used (2.3) in the third equality.
Lemma 3.5.6. Given x € Hom(A,A(-1)), an element s € S belongs to S}, if and only if
(i)* (G - 7* (x ® ©)) s trivial.

Proof. The A-gerbe (i,)*7*(~x ® ¥) is classified by an element a, (s) € A(~1) (cf. §3.5.1).
We claim that a, (s) is given by

0 (s) = {X(a) 5=s84 for aeA (3.42)

x(0) s=1t(0)s; for 6 a highest root
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Indeed, for s = s4 a finite simple reflection, this follows from the factorization (3.35). For
s =t(0)s; an affine simple reflection, we argue as in the proof of Lemma 3.5.3, reducing to
the fact that pulling back ¥™X along (3.37) yields the A-gerbe classified by x(6).

The assertion now follows by combining (3.42) with Lemma 3.5.3. O

3.5.7. We now study the functor IC, (cf. §3.4.7) for s €S.

Note that for s € 53, the A-gerbe (is)* (G —7* (x ® ¥)) is canonically trivial: It is trivial
by Lemma 3.5.6 and its fiber along e : I/T - P,/I admits a canonical trivialization. In this
case, IC}, may be understood as a functor

IC3, : Lis(x) > o (DI)y,
as s(x) = x by Remark 3.5.5. Write 7, : P;/I - Speck ~ z for the structural map.

Proposition 3.5.8. Given x € Hom(A,A(-1)) and s €S, there holds
(1) if s €Sy, then

s o (s v L
ICy = (i)« ()" (5)[1]-
(2) if s¢ S3 then the canonical maps are isomorphisms:
A; ~ IC; ~ V;.

Proof. By construction, IC} is the intermediate extension of ((is)* (ST = 7*(x ® ¥)), )-
twisted local systems along the inclusion IsI/I c P,/I. Identifying this inclusion with A! c P!,
we deduce the result from Lemma 3.5.6. O

3.5.9 Proof of Proposition 3.4.8. Finally, we are ready to prove the parity vanishing of ICY.
The proof will span §3.5.10-§3.5.12 below.

To simplify the notation, we write AJ(e), IC] (e), V;(e) for the images of a rank-1
(G, ¢)-twisted local system over z =~ Speck under A}, ICY, V) (where v = t(A)w). Since
Sor 18 mon-canonically trivial, these objects are only well-defined up to non-unique isomor-
phisms. The statement that we want to prove, i.e. the parity vanishing of fibers of IC;i(e)7
only concerns its isomorphism class.

3.5.10. We begin by observing that an object A € v(x)(DZﬁ)x satisfies the property
H"i,A # 0 for some y € Flg (k) = £(v) +n is even (3.43)

if and only if A belongs to the full subcategory of U(X)(D?H)X generated under extension by
objects of the form

A (e)[d] where vi(x) = v(x) and £(v) - £(v1) — d is even. (3.44)

Indeed, any object of the form (3.44) satisfies (3.43) and this property is preserved under
extensions. Conversely, any A € U(X)(DZ’H)X is supported on Bruhat cells Iv;I/T satisfying
v1(x) = v(x). If A satisfies (3.43), it belongs to the full subcategory generated by objects
of the form (3.44) under extensions, by induction on support.

3.5.11. We now prove that IC] (e) satisfies (3.43) by induction on £(v).
For the base step £(v) = 0, the object IC] (e) is a skyscraper, so H"i;IC] (e) # 0 for some
y € Flg ; (k) implies n = 0.
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For the inductive step, we choose s € S such that ¢(v) = ¢(vs) + 1. Applying the decom-
position theorem to the Demazure resolution (cf. [BBD82, §6.2.4]), we see that IC] (e) is a
direct summand of the convolution product (cf. §3.4.3)

ICYL,,) (e) o ICS (o), (3.45)

so it suffices to prove that the object (3.45) satisfies (3.43).
Applying the induction hypothesis to IC(,(e) and using the equivalence of §3.5.10, we

may replace it by an object of the form Aquéx) (e)[d] where v1s(x) = v(x) and £(vs)—€(vy)-d

is even. It then suffices to prove the following purity statement:
H"i;(AZEx)(e) o1C; (e)) # 0 for some y € Flg (k) = £(v15) +n =0 (3.46)
for any s € S and v; e Wat,

3.5.12. Finally, we prove (3.46) via a case-by-case analysis.
(1) s¢8S5 and £(v1s) = £(v1) + 1. In this case, we have

Agéx)(e) o IC;(e) ~ A:éx)(e) o A;(e) ~ A;’(ls(e)’

where we used the isomorphism A} (e) = IC; (e) (cf. Proposition 3.5.8).
(2) s¢8S5 and £(vis) =£(v1) - 1. In this case, we have

AL )(e) ~ AT (e) 0 AY () (e). (3.47)

s(x
On the other hand, Proposition 3.5.8 yields ICS (e) ~ V3 (e), and we have an iso-
morphism A7 ) (e)oVs (e) ~ Af (e) which reduces to a calculation for SLy (cf. [LY20,
Lemma 3.5]). Putting these together gives
A (&) 0 ICL(e) = AL () 0 Al (€) 0 I3 (¢)
~ AT (e) 0 Af(,)(e) o Vi (e) ~ AT (e).

(3) s€S, and £(v1s) = £(v1) + 1. Consider the Cartesian square

G(@)) X' Po/T % G(w)/1

L l

C(@)/1 - G(=)/P,

where f is induced from the inclusion I ¢ P4 and p, m are the projection, respectively
multiplication maps. The condition s € S}, allows us to identify (-) oIC; (e) with the
functor f* fi(3)[1] (¢f. Proposition 3.5.8).

On the other hand, the condition on v; implies that Iv;1 xI P, ~ Iv, P, along the
multiplication map. It induces an isomorphism Iv;I/T ~Iv P /Py, so

Al (@015 (©) = A ()11

is isomorphic to the l-extension along Iv1Ps/T - G((@))/I of a constant sheaf placed
in cohomological degree —¢(vys).



SPECTRAL DECOMPOSITION OF GENUINE CUSP FORMS 53

(4) s €55 and £(vys) = £(v1) - 1. In this case, we again have (3.47). There is also an
isomorphism A7 (e)oIC5 (e) ~ IC;(e)(—%)[—l] as IC; (e) is constant (cf. Proposition
3.5.8). Putting these together gives

Al (€) 010 (e) = Al (e) 0 Ay (e) 0 ICL (e)

« A (e) o 103 (e) (~3) (1],

whose fibers are concentrated in cohomological degree —£(vys) by step (3).

The proof of (3.46), hence of Proposition 3.4.8, is now complete. O
3.6. Applications to the Satake category.

3.6.1. The goal of this subsection is to deduce Theorem 3.3.5 from Proposition 3.4.8.
First, we note the analogue of Proposition 3.4.8 for the affine Grassmannian. We let z
be a k-point of X and consider the functor IC* associated to A € Ab* (cf. §3.3.4).

Lemma 3.6.2. Fiz \ € Ab". The fibers of IC* over Grg 5 are concentrated in cohomological
degrees n such that n + (2p, ) is even.

Proof. The projection map 7 : Flg ;, - Grg 4 is smooth of relative dimension ¢(wy) and the
pre-image of the Schubert stratification is refined by the Bruhat stratification (cf. §3.4.5).
Thus, we have an isomorphism

00 o)) = 13,

where IC{ is the functor (3.33) associated to x = 0 and v € W2 the unique element of WAW
with length (20, A} + £(wp). The assertion now follows from Proposition 3.4.8. O

T ICA(

3.6.3. We shall now prove Theorem 3.3.5.

Proof of Theorem 8.3.5. Recall that Satg ((Hecq ;) may be realized as a full subcategory
of Dg ¢(Grg,z) (cf. Remark 1.3.8).

Fix A e Ab* and let €, €3 be (G»,()-twisted local systems over S. Let us compute the
space of maps from IC*(€1) to IC*(&3)[1] as objects of Dg.¢(CGra..).

Denote by j: Gr)(‘;’w > @éx the open immersion of the Schubert cell into its closure and
1 its complement. Then i*ICA(El) is concentrated in perverse cohomological degrees < —1,
while #'TC*(&5)[1] in degrees > 0. Applying excision to IC*(&;), we obtain

MaPSDS,c(GrG,m)(ICA(gl)a IC*(&2)[1]) = MaPSDS,C(GrgJ)(Eh32[1])
~ MapsLiSS A,((S)(Sl’ 82[1]), (348)

where the second isomorphism is due to the fact that the fibers of Gré;@ — S have vanishing
cohomology in degree 1.

The isomorphism (3.48) shows that the functor IC? is fully faithful and its essential image
is closed under extensions.

Next, we fix A\; # Ag € Ab* and (G, ¢)-, respectively (G, ,()-twisted local systems
&1, respectively €5 over S. We claim

Mapsp,, . (Gre..) (ICM (€1),1C72(€5)[1]) = 0. (3.49)
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If S is a geometric point, this follows from Lemma 3.6.2 by the classical argument (cf. the
proof of [Gai01, Proposition 1]). The case for general S follows from the base change property
of Homs between ULA objects in Dg (Grg ) (¢f. the proof of Proposition 3.2.5).

The vanishing (3.49) shows that the essential images of the functors IC*' and IC*? are
mutually orthogonal and admit no nontrivial extensions.

The fully faithfulness of (3.23) follows from the fully faithfulness of IC*, for each A € Ab+,
and the orthogonality of the essential images of IC*, IC*2, for A; # Xo. The essential
surjectivity of (3.23) follows from the fact that Satg ¢ (Hecg ;) is generated under extensions
by the essential images of IC* for A e Ab+ (¢f. Corollary 3.1.10), the closure of the essential
image of IC* under extensions, and the absence of nontrivial extensions between the essential
images of ICM and ICAQ, for A1 £ Aa. O

4. TORI

In this section, we fix a smooth curve X over a field k and an X-torus T. Let e be a finite
extension of Qg, for a prime ¢ invertible in k. Let ( : A c €* be a finite subgroup and u be
an A-valued étale level of T.

The goal of this section is to construct the geometric Satake equivalence (cf. Theorem
2.3.2) for (T, ), which will be supplied in §4.1.9. The key ingredient is Proposition 4.2.6,
which relates Gar, to the metaplectic dual datum v.

4.1. Reduction to sharp tori.

4.1.1. We begin by specializing the metaplectic dual data (H,v) (¢f. §2.1) to (T, 1), whose
construction is substantially simpler than the general case.

Indeed, writing A for the sheaf of cocharacters of T and At c A for the subsheaf defined in
§2.1.6, we see that A c A corresponds to an isogeny of X-tori T! — T and H is the Langlands
dual of T* (as a locally constant étale sheaf of Z-tori).

On the other hand, the pullback u! of the étale level i to TH acquires an E..-monoidal
structure, so it induces an E.,-monoidal morphism v : At — B§<A by applying the functor
Maps.(BxGn,-) (cf. §2.1.10).

4.1.2. For each finite set I, we write
fI : GI‘Tu,I id GI‘TJ (41)

for the induced morphism on affine Grassmannians (c¢f. Remark 1.3.11).
Since (4.1) is ind-proper, the functor

(fi)r: Dg¢(Grre 1) = Dg ¢ (Grr ) (4.2)

preserves universal local acyclicity relative to X!. Moreoever, the base change of (4.1) to
any geometric point of X! is a closed immersion, so (i), is also perverse t-exact. Finally,
L{TH - L{T is surjective in the étale topology. By Remark 1.3.8, we see that (4.2) restricts
to a functor on the Satake categories

(fin: Satg)((HeCTu,I) - Sat97¢(HecT71). (4.3)

The functor (4.3) is naturally symmetric monoidal, as its formation is compatible with
the fusion product (cf. §1.3.12).

Proposition 4.1.3. The functor (4.3) is an equivalence of categories.
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4.1.4. Proposition 3.1.10 is an immediate consequence of Corollary 3.1.10 if T = {1}. We
shall reduce the general case to this one using factorization.

Suppose that T is split. For an I-tuple A' = (A);¢ of elements of A, we write @ : X! -
Grr 1 for the closed immersion sending zl = (z%)4e1 to the modification of T-bundles

1 .
o% (‘)(Z ANT,0).
i€l
Denote by Xbdisi ¢ X! the open subscheme consisting of pairwise disjoint points z* (i € I)

of X. Write j : Grrrdrislj — Grp for its base change. Recall (¢f. Proposition 1.3.13) that the
pullback functor is fully faithful:

J* :Satg,¢(Grry) c Satg’C(Gr%{SIj , (4.4)

where Satg ¢(-), as usual, is the full subcategory of Dg ¢ (-) characterized by universal local
acyclicity and perversity relative to X!, respectively Xbdisi,

Lemma 4.1.5. An object A € Satgyg(GrdTiys’Ij) belongs to the essential image of (4.4) if and

only if (w)‘l)*A extends as a twisted local system along X088 ¢ XT for every A\l e AL

Proof. We note that the essential image of (4.4) is closed under direct summands. This is a
twisted version of [HS23, Theorem 6.8(ii)] and follows from the same proof.

Suppose that A ~ j*B for some B € Satg (Grr,1). Since each (w)‘l)l(w)‘l)*fl is a direct
summand of A, it extends to Grr 1 along (4.4), which must then be an object of the form
(w’\I)gB’\I, where B is a twisted local system over X! extending (w’\l)*ﬂ.

Conversely, if each (w/\l)*fl extends to some twisted local system BN over X!, then the
sum EBAI(w)‘I)gB)‘I belongs to Satg ¢(Grr,1) and extends A. O

4.1.6. We shall now prove Proposition 4.1.3.

Proof of Proposition 4.1.3. The statement is of étale local nature over X!, so we may assume
that T is split. Consider the commutative square

Satg ¢(Hecri) © Satgc(HecT}))

l(fl)! l(fl)! (4.5)

Satg’c(HeCTJ) c Satgyg(HEC%‘i’SIj
where the horizontal embeddings are given by Proposition 1.3.13.

By the factorization structure on (Hect, Gpecy) (¢f. Proposition 1.2.11) and Corollary
3.1.10, the right vertical functor in (4.5) is an equivalence. This implies that the left vertical
functor is fully faithful. Applying the characterization of Lemma 4.1.5 to both T and T¥,
we see that it is also essentially surjective. O

4.1.7. In §4.2, we shall prove the following statement.

Proposition 4.1.8. For a finite set 1, there is a canonical equivalence of symmetric monoidal
e-linear categories
Satng(HeCT”,I) = RepHI,(u+19)E‘Ia (46)

which depends functorially on 1 (cf. §2.3.5).
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4.1.9 Theorem 2.3.2 for tori. Using Proposition 4.1.3 and Proposition 4.1.8, we shall con-
struct the geometric Satake equivalence (2.36) for (T, u).
Namely, we set (2.36) to be the composition of (4.6) with the inverse of (4.3):

Satg¢(Hecrs 1) = Repgar (yug)m

1

Satg’C(HecT’I)
4.2. Equivalence for sharp tori.

4.2.1. The goal of this subsection is to prove Proposition 4.1.8. Note that (T, u) and (T¥, ut)
share the same metaplectic dual data (H,v), so we may replace (T, u) by (T*, ut) and start
with an E. -monoidal morphism

1 BxT - BXA(1). (4.7)

Recall that Grr is a factorization algebra in Stk (¢f. Remark 1.2.8). Our first step is
to lift (Grr, Gary ) to a factorization algebra in commutative multiplicative stacks endowed
with a commutative multiplicative A-gerbe.

4.2.2. Denote by Gp®™(Stk) the k-presheaf assigning to R the symmetric monoidal category
of grouplike E,-monoids in étale R-stacks.

Recall that an R-point of Grp may be thought of as a morphism D, - BxT over X (for
z € Ran(R)) with a trivialization over D£ The E-monoid structure on BxT thus lifts
Grr , to an object of Gp®™™ (Stk)(R). Compatibility with the factorization structure then
ensures that Grr lifts to a factorization algebra in Gp®™ (Stk).

Denote by Gp®“™ (Stk) /B2 the k-presheaf assigning to R the symmetric monoidal category

of objects Z € Gp“™(Stk)(R) endowed with an E.-monoidal morphism Z — B?A.

Proposition 4.2.3. The pair (Grr,Sar) canonically lifts to a factorization algebra in
Gp™ (Stk) /g2a s

Proof. This is analogous to the proof of Proposition 1.2.11, the only difference being that
the morphism (1.22) for (T, u):

Hecr (R) — (D) mod Dy, B*A(1))
lifts to a morphism of Ran(R)-algebras in Span(Gp“™ (Spc)). O

Remark 4.2.4. The factorization structure supplied by Proposition 4.2.3 may be compared
with that of (Hect, GHeer ) (¢f. Proposition 1.2.11) as follows.
Consider the morphism of Ran-stacks

Hecp —» Grp, (P°SPY)m (05P e (PY)™). (4.8)

which lifts to a morphism of factorization algebras in Span(Gpd(Stk)), under the forgetful
functor Gp®™ (Stk) — Span(Gpd(Stk)).

One can show that (4.8) canonically lifts to a morphism (Hecr, Speer ) = (GrT, Sary) of
factorization algebras in Span(Gpd(Stk)) g2a. (This structure will not be used in the sequel,
so we omit its construction.) To the contrary, the structural morphism (Grr,Sgr.) —
(Hect, Gnecy ) only lifts to a morphism of factorization algebras in Span(Stk) /g2, , i.e. it is
incompatible with the multiplicative structures.
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4.2.5. Given a finite set I, the system of morphisms o (for Al € Al) of §4.1.4 organizes
into a morphism of étale sheaves of abelian groups over X!

w - AEEI d GI‘TJ. (49)

Indeed, étale locally over X, the X-torus T is split and the étale sheaf A®! is represented
by Al x X! for A the abelian group of cocharacters of T. In this case, (4.9) is the sum of
@ over Al e Al. The general case follows from étale descent.

On the other hand, G, defines an E-monoidal morphism by Proposition 4.2.3:

SGrr, : Grrg — BxiA. (4.10)

Recall the E,,-monoidal morphism (v +9)® (cf. §2.2.3) appearing on the dual side of the
Satake equivalence (4.6). The following computation explains its geometric origin.

Proposition 4.2.6. The composition of (4.9) and (4.10) is canonically identified with the
Eoo -monoidal morphism (v +19)®L.

Proof. Denote by v£°°™ the composition of (4.9) and (4.10). Both v£°™ and (v +9)®" are
defined by étale descent from the case of a split X-torus T, so we may assume that T is split
and view A as an abelian group.

Let us identify v£°*°™ with (l/ffi)m)M and thereby reduce to the case I = {1}. Indeed,

given an R-point 2! = (2%) ;1 of X! (with induced R-point z of Ran), we have a commutative
diagram of E.,-monoids

A s @, T(D,: mod D,.,BT) —=— I'(D, mod D, BT)

2 2
@ T(D,: mod D,:,B*A(1)) 3 I'(D, mod D,,B*A(1)) “$ I'(SpecR, B?A)

(4.11)
where the first map is the sum of the maps

A - T(D,: mod Dy, BT), A (0% 0O(A)),

and try is the (underlying E.-monoidal morphism of the) trace map (1.10). The upper
circuit of (4.11) is the pullback of v£°°™ along ', while the lower circuit is the pullback of
(zx{gle(})m)Eil along ! by additivity of the trace map.

We shall now assume I = {1} and omit it from the notation. It remains to identify the
Eo-monoidal morphism v8°°™ with v + . Fix an R-point x of X. The pullback of v&*°™
along = may be expressed as the composition

A~ Maps, (BXGn, BxT) = Maps, (BxGpm, BXA(1))

O 7D, mod Dy, BYA(1)) 25 T(SpecR, B2A),  (4.12)

where O(x) is viewed as a morphism D, — BxG,, trivialized over D;E Note that all but the
morphism p in (4.12) come from HZ-linear morphisms.
Let us invoke the decomposition of Remark 2.1.4:

Maps, (BxGm, BXxA(1)) = I'(X,B*A) @ T'(X, A(-1)). (4.13)
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Under this decomposition, the composition of the first two morphisms of (4.12) is the sum
v e (c¢f §2.1.10, §2.1.21). Let us identify the composition tr, oO(x)* of the last two
morphisms of (4.12), individually for each summand in (4.13).
(1) T(X,B*A)-summand. The inclusion T'(X,B*A) - Maps, (BxG,,, BxA(1)) is given
by tensor product with the Kummer map ¥ : BxG,,, —> B%Z(l)
By the natural isomorphism (c¢f. Remark 1.1.9, Remark 1.1.10)

(try00(z)*)(f ® ¥) ~ tr,(f ® U(O(2)))
~ fRtr,(U(O0(x))) =~ f

linear in f € I'(X,B?A), we see that the restriction of tr, oO(x)* to the I'(X,B*A)-
summand is identified with the pullback along x : SpecR — X.
(2) T(X,A(-1))-summand. The inclusion T'(X,A(~1)) — Maps, (BxG,,BxA(1)) is
given by tensor product with ¥®2: BxG,, - BxZ(2).
By the natural isomorphism (¢f. Remark 1.1.9, Remark 1.1.10)

(try 0O(z)*)(a ® ¥®?) = tr,(a ® ¥(O(z))®?)
=a®V(0(x))lr, ® tro(V(0(x))) = a ® ¥(O(2)r,)

linear in a € T'(X, A(-1)), we see that the restriction of tr, oO(z)* to the I'(X, A(-1))
is the tensor product with ¥(O(z)|r, ).

Since O(xz)|r, is canonically isomorphic to the pullback of Q3! along x : SpecR —
X. This is the tensor product with ¥(Q%x'), pulled back along .

In conclusion, the decomposition (4.13) exhibits (4.12) as the sum v +e® ¥(Qy'), pulled
back along x : Spec R - X. The latter is, by definition, the E,-monoidal morphism denoted
by v+ (cf. §2.1.21). O

4.2.7. We shall now use Proposition 4.2.3 and Proposition 4.2.6 to construct (4.6).

Proof of Proposition 4.1.8. As explained in §4.2.1, we may take as input an E-monoidal
morphism (4.7) and replace the left-hand-side of (4.6) by Satg ¢(Hecr ). Furthermore, the
desired equivalence (4.6) is of étale local nature over X', so we may assume that T is split
and view A as an abelian group.

Since (4.10) is E-monoidal, we may endow Satg (Grr 1) with a convolution symmetric
monoidal structure o. Pushforward along (4.9) yields a symmetric monoidal functor

Repyar oy = @D Lis( s (a) (X') —> Satg ¢ (Grr), (4.14)
AeAl

where we used Proposition 4.2.6 to identify the pullback of (4.10) with (v+4)®.. By Lemma
4.1.5, the functor (4.14) is an equivalence.
On the other hand, pullback along Grr 1 — Hecr 1 yields an equivalence

Satg;,((HeCT,I) ~ Satgvc(GI‘T,I) (415)

as GHecr,; descends along (4.8). Thus, the construction of §1.3.12 endows Satg ¢(Grr 1) with
a fusion symmetric monoidal structure . The equivalence (4.15) is symmetric monoidal
when both sides are equipped with the fusion symmetric monoidal structure.

Finally, by Proposition 4.2.3 and the proof of Proposition 1.3.15, the convolution symmet-
ric monoidal structure lifts (Satg ¢ (Grr 1), *) to a commutative monoid in the (2-)category
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CAlg(Cat). Thus we obtain equivalences of symmetric monoidal categories

(Sat97<(GrT71), 0) ~ (Sat974(GrT71), *). (416)
The desired equivalence (4.6) is the composition of (4.15), (4.16), and (4.14). It is func-
torial in I by construction. O

Remark 4.2.8. We emphasize that the equivalence (4.15) would be false without the hy-
pothesis that the étale level (4.7) is E-monoidal.

Indeed, for general étale levels, objects on Satg ¢(Hect 1) are supported on the image of
the morphism (4.1), by Proposition 4.1.3.

5. THE Zy-GRADING

We put ourselves in the context of §2.3.1 and assume in addition that G is split reductive.
Under this assumption, the dual group H is constant (cf. §2.1).

The goal of this section is to endow the Satake category for I = {1} with a Zy-grading
compatible with all of its essential structures. This ZH—grading will correspond to the natural
Zu-grading on Repy,, 49 under the Satake equivalence (2.36). However, our proof of the latter

makes critical use of this ZH—grading7 so it must be constructed independently.

5.1. Central equivariance.

5.1.1. In this subsection, we work over one copy of the curve X, so we base change the local
Hecke stack (cf. §1.1.3) along X — Ran and denote the result by Hecg. The same convention
applies to Grg, L*G, LG and we abbreviate Bx to B.

Consider the BZ-action on BG defined by multiplication (¢f. §3.1.6). It induces an action
of L*(BZ) on Hecg. Explicitly, the action of an R-point Py of L*(BZ), viewed as Z-bundle
over D, (for x an R-point of X), carries P ~ P! to the modification

P’e P, X Pl oPy.

5.1.2. The inclusion Af c A caries Af, into Ay, so it induces a map Zu - mG (cf. Remark
2.1.7). This map is neither injective nor surjective in general.
Given 6 € Zy, we shall denote by [6] its image in ;G and by Hec[(f] c Hecg the cor-
responding connected component. Recall the A-gerbe Gpee., over Hecq (cf. §1.1.7), whose
IO (o1 ..
restriction to Hecy,” is denote by SHeC[g].
Proposition 5.1.3. Given any 0 € Zu with image [0] € 11 G, the A-gerbe Shecte) admits a
G

canonical Lt (BZ)-equivariance structure.

Proof. Given R-points Py of L*(BZ), (P° = P!) of Hec% lying over the same R-point x of
X, we shall construct a natural isomorphism of A-gerbes over SpecR:

Stece (P ® Py P ® Py) = Gypee, (PY = P1) (5.1)

along with cocycle data for multiple R-points of L*(BZ).
By construction, the left-hand-side of (5.1) is the image of

(P’ @ Py) - u(P' @ Pz) e (D, mod D, B*A(1))



60 YIFEI ZHAO

under the trace map (¢f. §1.1.11). Using the canonical quadratic structure (3.6), we may
identify this section as follows:

U(PY @ Pz) — ju(P' @ P5) = u(PY) — u(P1) + (by © W?)(PY, ~PLy Pp)  (5.2)
where Pgb, P;b are the images of P°, P! under BG —» BG.y,.
Consider the linear form bs([6],-) : Fib(A - A.q) = A(-1), the induced Z-linear mor-
phism by([6],-) ® ¥ : BZ - B*A, and its value (by([0],-) ® ¥)(Pz) € I'(D,, B*A). We shall
construct a canonical isomorphism of A-gerbes over SpecR linear in Py:

tro((b2 ® U¥?) (PG, = Py, P2)) = (02([0],-) © ©)(P2)lr, (5.3)

This will give rise to (5.1) for the following reason: The lift 6 € Zy of [#] trivializes by([6],-)
as a linear form, because b vanishes over Af ® A and b; vanishes over Al ® A,q (cf. §3.1.5,
Remark 2.1.9). This then induces a trivialization of the left-hand-side of (5.3), so (5.2) gives
rise to (5.1) under tr,. The cocycle data are induced from those of the canonical quadratic
structure (cf. §3.1.6) and the linearity of (5.3) in Py.

To construct (5.3), we note that for any R-point (P° ~ P!) of Hecg and any Z-linear
morphism f : m G — B2A, we have a canonical isomorphism in I'(SpecR, BQA):

1, (U7 (Pyy, = PRy)) = f(deg(P® = P1)), (5:4)
where U/ : BG,, — B4A(1) is the tensor product f with ¥ and deg : Hecq — m G is the
degree map classifying connected components. Indeed, (5.4) follows from the universal case
with f the reduction of m G along Z — Z, where it amounts to the compatibility between
degree and étale Chern classes. The isomorphism (5.4) depends linearly on f.

The isomorphism (5.3) is obtained by specializing (5.4) to f := (b ® ¥)(-,Pz), where
ba ® U is the tensor product of by with ¥ along the second factor. O

Remark 5.1.4. Proposition 5.1.3 implies that given 6 € ZH7 the restriction 9Gr“’] of Sarg
G

to the connected component Gr[Ge] admits a canonical L*G,q4-equivariance structure.

Indeed, this follows from the canonical map of étale X-stacks

L+Gad\Grg] - Hecg]/LJ'(BZ)

induced from the morphism L*(BZ) — BL*Z ~ L*G,q4/L*G.
5.1.5. It is critical in Proposition 5.1.3 that we take as input 6 € Zy rather than an element
of m1G. Namely, different lifts of the same element of 71 G to Zy provide different L*(BZ)-
equivariance structures.

Let us be more precise. Define a linear map

x : ker(Zy — 1 G) > Hom(BZ,BA) (= Hom(Z,A)) (5.5)

as follows: Given A € Afn A, the morphism by (\,-)® ¥ : T,q — BA is canonically trivialized
along T — T,q, so it factors through a map BZ — BA. This map vanishes for X € Al , so it
induces (5.5) after identifying the source with (AfnAg.)/AL.

Lemma 5.1.6. The map (5.5) is injective.

Proof. If X e Afn A satisfies x(\) = 0, then by (),-)® ¥ : T,q = BA must also vanish because
it is the composition of Toq — BZ with x(A). This means that b;(},-) is the zero form on
Aag. We conclude because A, c Ag. is precisely the kernel of b; (c¢f. Remark 2.1.9). O
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5.1.7. Given 01,0, € Zy with equal image [] € 7, G, Proposition 5.1.3 supplies two L*(BZ)-

equivariance structures on Gy, 1, or equivalently two A-gerbes S%;CG7 9?{2‘3% over the quo-
G

tient stack Hecg]/LJr(BZ) whose pullbacks to Hec[Ge] are identified with Gyec,-
The difference

SlefeCG - SilleCG (56)
(0]

may thus be viewed as an A-gerbe over Hec[g J /L*(BZ) neutralized over Hecg".

Proposition 5.1.8. Given 6,0y € Zy with equal image [0] € m G, the A-gerbe (5.6) is
canonically identified with the pullback of the deloop of x(62 —61) along the map

Hecl¥)/1* (BZ) - X/L*(BZ) - BZ.

Proof. Let us interpret (5.5) in terms of the form by (cf. §3.1.5). Namely, tensoring by with
¥ along its second factor, we obtain the pairing

b, ® ¥ :mG®BZ— B’A
which is canonically trivialized over Zy ® BZ (cf. §3.1.5, Remark 2.1.9). It then induces the
pairing adjoint to (5.5):
ker(Zy — m G) ® BZ - BA. (5.7)
On the other hand, the choices 61,0, € Zm intervene in the construction of the L*(BZ)-

equivariance of Gpec, Over Hec[Ge] by providing different trivializations of (5.3), for any

R-point Py of L*(BZ) lying over « € X(R). The difference in the trivializations is precisely
the image of (62 — 61) ® Pz|r, under (5.7). O

5.2. Compatibility lemmas.

5.2.1. We keep the notation of §5.1.1.
Given an element 6 € Zy with image [0] € m1 G, Proposition 5.1.3 allows us to descend

Shecte1 to an A-gerbe SQHGCG along the quotient map
G

Hecl?!  Hecl” /1 (BZ).

In this subsection, we show that the association 6 S%QCG is compatible with the convo-
lution product on Hecq, passage to Levis, and restrictions to Schubert cells.

5.2.2 Convolution product. Given 61,60, € Zy with images [01],,[0n] € ™G, we denote
by Hecgl]""’[g"] the substack of Hec[g] (¢f. §1.1.6) corresponding to modifications

potplE..Ipn (5.8)
where P/~! £ PJ belongs to Hecgjj] for each j =1, n.

There is an L*BZ-action on Hec[gl]""’[e"], where Py carries (5.8) to its termwise tensor

product with Pz. The structural morphisms (1.25) thus induce morphisms

Hecl? 101287, 24 17| Hec?) /1487

|

Hecl0'+ 01 1,+B7,
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[01],,[0n]

Lemma 5.2.3. The isomorphism (1.26) over Hecg, canonically extends to an iso-
morphism of A-gerbes over Hecgl]""’[e"]/LJ'BZ:

*cb1++0, .  *cb01 * o0,
m 9HecG _plgHeCG + +pn9Hecc;'

Proof. By construction, (1.26) arises as the image of the isomorphism
p(P") = u(PY) = 3 (u(P?) — u(P71)) (5.9)
j=1

in I'(D, mod D, B*A(1)) under the trace map (cf. the proof of Lemma 1.1.14). By inspect-
ing the proof of Proposition 5.1.3, it suffices to identify the trivializations of

bz([ol + e +9n:|;') QWU ~ Zn: bg([ej],) Qv

supplied by 61 + -+ 0, € ZH, respectively the product of those supplied by 64,---,0,, € Zu.
This holds because bs is trivialized over Zyg ® Fib(A — A.q) as a bilinear form. O

5.2.4 Passage to Levis. Let P ¢ G be a parabolic subgroup with Levi quotient P - M. We
have natural maps Z — Zy; and m M — 71 G. Moreover, the pullback of p to P canonically
descends to an étale level uy for M and we obtain the dual group Hy for (M, pn). The
map m M — 71 G lifts to a map ZHM > 7.

Let A\ be an element of ZHM. Its images in m M, ZH, and 71 G are denoted by [A], 6, and
[0], respectively. Consider the following quotients of the structural morphisms:

HecM/1BZ
YN
Hec¥l/L*BZ  Hec} /L BZy

where Hecg‘] denotes the pre-image of Hecl[v?] under Hecp — Hecyy.

Lemma 5.2.5. The isomorphism (1.46) over Hecg‘] canonically extends to an isomorphism
of A-gerbes over Hecg‘]/LJ'BZ:
0" Gtece * P* Giteens-

Proof. By inspecting the proof of Proposition 5.1.3, this follows from the compatibility of
the canonical quadratic structure (3.6) with passage to Levis.
Namely, we consider the BZ-action on BP:

a:BZ xBP — BP,

with projection maps p1,pe from BZ x BP onto BZ, respectively BP. Then the canonical
quadratic structures (3.6) for (G, p) and (M, pp) restrict to the same isomorphism

a*pp = (p1)*pp + (p2)* iz + by @ U2,

where pp, uz denote the restrictions of p to P, respectively Z. O
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5.2.6 Schubert cells. Let us now fix a maximal torus and a Borel subgroup T c B c G.
Given X € At the restriction of GHecg to the Schubert cell Hecé‘; canonically descends to
the A-gerbe G over X (¢f. Corollary 3.1.12). On the other hand, X has class 6 € Zu, which
gives rise to the A-gerbe SOHGCG.
Consider the structural morphisms

Hecly/L*BZ % Hecl)/1*BZ

|7

X

Lemma 5.2.7. The isomorphism (3.8) over Hecf‘; canonically extends to an isomorphism
of A-gerbes over Hecyy/L*BZ:

j*gglecc; = W*ka' (510)

Proof. Note that A-gerbes over Hecg,/L*BZ canonically descend to B(M*/Z) along the quo-
tient of (3.2). Moreover, T,q may be thought of as a maximal torus of M*/Z, so A-gerbes
over B(M* /Z) are uniquely determined after pulling back to BTaq.

It therefore suffices to construct (5.10) after pulling back to Hecy/L*BZ. The pullback
of Gfiee,, tO Hecy /L*BZ extends to the A-gerbe Sitec, OVer Hecy/L*BT (c¢f. Lemma 5.2.5).
It thus remains to compare iy, with the descent of Shecy to X supplied by (3.8) for the
torus T. In the case of tori, the equivariance structure constructed in Proposition 5.1.3 is
identical to one constructed in Corollary 3.1.12. g

5.3. Construction of the ZH-grading.

5.3.1. Recall that for any S-point z of X (with S € Sch), we have constructed the Satake cate-
gory Satg ¢ (Hecg,,;) (c¢f. §1.3.7), which is an e-linear category equipped with the convolution
monoidal structure (cf. §1.3.10).

The goal of this subsection is to equip Satg ¢(Hecg ) with a Zy-grading compatible with
the monoidal structure and constant term functors (cf. §1.5.7).

5.3.2. For each 0 € Zy; with image [0] € 71 G, we shall consider the quotient map
Hec[Ge,]x - L;Gad\(}rgg,]gC (5.11)

and view (the pulback of) S%eCG as an LY G,q4-equivariant A-gerbe over Grg , (¢f. Remark

5.1.4). Consider the full subcategory Sat9$<(Gr[g’]I) c DS,C(GT[C?,L) of perverse ULA sheaves
relative to S and the e-linear category

Sat%7C(HecG,x) = Sat97<(GrE§7]x)L;Gad

of its L G,q-equivariant objects defined with respect to Q%CCG.
Pullback along (5.11) yields a functor

Sat§ ¢ (Hecg o) > Satg ¢ (Hec()), (5.12)

whose target is naturally a full subcategory of Satg ¢(Hecg ). Furthermore, (5.12) is fully
faithful and its essential image is closed under extensions (cf. Remark 1.3.8).
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Proposition 5.3.3. The sum of (5.12) over 6 € Zu yields an equivalence

P Sate&g(HecG@) ~ Satg ¢(Heca z ). (5.13)
HEZH
Proof. We first prove that the essential images of distinct summands in (5.13) are derived
orthogonal in Dg ((Grg,). More precisely, given objects A1, Ay € Satg ¢(Hecg, ) coming
from summands corresponding to 6, # 6 € Zy, we shall prove

Hom(A;,As) ~ 0, (5.14)

where Hom(-,-) is the derived Hom functor of Dg ¢(Grg z).

The statement is clear if 6y, 6 have distinct images in m G, as then A, As would be
supported on distinct connected components of Hecg ., so let us assume that 6, 0> have
equal image [0] € m; G. Note that Hom(A1,.As) is the global section of Hom(A;,As), which
admits an L} G,q-equivariance structure with respect to

glz _gh (5.15)

Hecg Hecg *

By Proposition 5.1.8, (5.15) coincides with the pullback of the A-gerbe over BG,q4 classified
by the character by (62 — 01,-) : m11Gaq = A(-1) along the projection

L:Gad\Grly), = BL:Gag = BGag.

The assumption 6, # 65 implies that by (62 —61,-) is nontrivial (¢f. Remark 2.1.9). The global
section of Hom (A, As) thus vanishes by Proposition B.2.4.

The vanishing (5.14) implies that the essential images of distinct summands in (5.13)
are orthogonal and have no nontrivial extensions in Satg (Hecg ). It remains to prove
that they generate Satg (Hecg ) under extensions. For this, it suffices to prove that the
standard functor A* for A e AP+ (¢f. §3.3.2) factors through (5.12), for 6 the class of \.

Consider the commutative square

A [9]
Hecg , c Hecg ',

l l (5.16)

L;Gad\Gré‘.,m c L; Gad\Grg,]m

defined by inclusions of the Schubert cell. Using Lemma 5.2.7, we may factor the standard
functor A* through extension along Gré’z c Grg ]$ as L} Gaa-equivariant perverse sheaves,
followed by the functor (5.12). O

Corollary 5.3.4. The Zg-grading (5.13) on Satg  (Hecg ) is compatible with the convo-
lution monoidal structure, i.e.

(1) the monoidal unit is homogeneous of degree 0;
(2) given Ay, As € Satg ¢(Heca ) which are homogeneous of degrees 01,05, the convolu-
tion product Aq o Ao is homogeneous of degree 61 + 0.

Proof. Statement (1) is clear.
Statement (2) follows from Lemma 5.2.3 and the definition of the convolution product
(cf. §1.3.5). O
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5.3.5. Next, we formulate the compatibility between the ZH—grading (5.13) with constant
term functors. We fix a parabolic subgroup P c G with Levi quotient P - M.

Recall the constant term functor CTp on the Satake categories (cf. §1.5.7) and the natural
map Zm,, > Zu (cf. §5.2.4).

Corollary 5.3.6. Given an object A € Satg ((Hecq o) homogeneous of degree 8 € ZH, its

image CTp(A) € Satg (Hecwm o) belongs to the sum of A-graded components, where A € Zy,,
lies over 6.

Proof. Let )\ € ZHM be an element whose image in ZH is 01 # 0. It suffices to prove that
CTp(A) is orthogonal to any object B € Satg ¢(Hecn,,) homogeneous of degree . Since
CTp(A) is supported on the connected components of Hecyr, corresponding to elements of
mM lying over [0] € 1 G, we may assume that [61] = [#] in this proof.

We shall prove the vanishing of the derived Hom

Hom(CTM(4),B) ~0 (5.17)

in D97<(Gr1[\2}r), where CT%/\] (A) denotes the restriction of CTp(A) to the connected com-
ponent corresponding to [A] € m M.

Note that CT%A](A) and B admit LY (M/Z)-equivariance structures with respect to dif-

ferent L} (M/Z)-equivariance structures on Sar,, ,, induced from S%ECG, respectively S%IECG

(cf. Lemma 5.2.5). The difference 9%16% - S%QCG is pulled back from the A-gerbe over BGaq
classified by the character by (6 —01,-) : 1 Gaq = A(=1) (¢f. Proposition 5.1.8). Since 6 # 61,
this character is nonzero, so it defines a nontrivial A-gerbe over B(M/Z). The vanishing
(5.17) thus follows from Proposition B.2.4 as in the proof of Proposition 5.3.3. O

Remark 5.3.7. It follows from the proof of Proposition 5.3.3 that (5.13) is a coarsening of
the Ab*-grading provided by Theorem 3.3.5. More precisely, for each A € Ab*, the A-graded
component of Theorem 3.3.5 is contained in the 6-graded component of (5.13) for 6 ¢ Zu
the class of \. However, there are no analogues of Corollary 5.3.4 and Corollary 5.3.6 for
the Ab*-grading. If one defines the ZH—grading by coarsening the Ab*-grading, there also
seems to be no convenient way of proving these statements.

We find it more profitable to view (5.13) as a refinement of the 71 G-grading given by
connected components of Hecg . Unlike Theorem 3.3.5, the construction of (5.13) can be ex-
tended to the derived category (replacing L} G,q-equivariant objects by L} G,q-monodromic
objects), as well as to more general coefficients.

6. TANNAKIAN RECONSTRUCTION

In this section, we complete the construction of the geometric Satake equivalence (cf. The-
orem 2.3.2). We shall begin by lifting the Satake category *Satg ¢(Hecg 1), for split G, to
a (ZH)‘BI—graded étale sheaf of symmetric monoidal e-linear categories over X! in the sense
of §A.2.4. This will allow us to construct an “untwisted” Satake category, for which it is
possible to define a fiber functor and apply the Tannakian formalism.

We remain in the context of §2.3.1 throughout this subsection.
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6.1. The fiber functor.

6.1.1. We begin with a mild generalization of some constructions of §4 and §5.3, adapted
to a sheaf-theoretic version of the Satake category.

Let us return to the context of §1.3. Given a finite set I, the construction of the symmetric
monoidal e-linear category *Satg ((Hecq 1) extends to the case where X! is replaced by an
étale X'-scheme U: The only change is that the fusion product is defined using the base
change of XUnLdisi ¢ XUnT to U (cf. §1.3.12).

This construction is functorial in U, defining an étale sheaf of symmetric monoidal e-linear
categories *Satg (Hecg 1) over X

6.1.2 The case for tori. For G =T a torus, the construction of the geometric Satake equiv-
alence for (T, u) (cf. §4.1.9) yields an equivalence of étale sheaves of symmetric monoidal
e-linear categories over X':

"Satg,¢(Hecr,1) = Reprar (,ug)ar; (6.1)

by the étale local nature of the construction.
Here, the normalization of the commutativity constraint has no effect (¢f. §1.3.16).

6.1.3. Next, we assume that G is split. Our goal is to generalize the Zg-grading (5.13) to
*8atg ¢ (Hecg 1) for any finite set L.

The pair (Hecq, GHec. ) factorizes over the pairwise disjoint locus Xb4si ¢ X! (¢f. Propo-
sition 1.2.11), so Proposition 5.1.3 supplies an L (BZ)-equivariance on the pullback of Gec,,
to the component

Hec dlSJ 6" _ (H Hec 0:‘ l}

iel
associated to the each tuple 8" € (Zy)®' with image [0'] € (7,G)®!. As in Remark 5.1.4, this
leads to an L Gaq-equivariance on the pullback of Ga, to the corresponding component

disj, [0 .
Gr GISIJ 191 of the affine Grassmannian over XLdisi,

Xx XI,dlsJ

6.1.4. For each ' ¢ (ZH)$I, we define a full subsheaf
I
8atg ¢ (Hecq,r) € *8atg ¢ (Hecq,r) (6.2)

as follows: Over each étale X'-scheme U, it consists of objects of *Satg ¢(Hecg,u) whose
restriction to the pairwise disjoint locus comes from Lj Gaq-equivariant objects of the cate-

disj,[0 ])

gory Satg ¢(Grg , where the Lj Gaq-equivariance on the restriction of Gay is supplied

by 6%, and the subscrlpt U means base change along U — X!,
The following results are straightforward adaptations of those of §5.3.

Proposition 6.1.5. The functors (6.2) induce an equivalence
@ 8at%17<(HecG71) ~ +8at97C(HeCG,I). (63)
0Te(Zg)®!

Proof. This follows from Proposition 5.3.3 together with the fact the restriction functor
realizes Satg ¢(Gra,1 xx1 U) as a full subcategory of Satgyc(GI‘élSIJ xxrdis; UTS) closed under
direct summands (c¢f. [HS23, Theorem 6.8]). O

Corollary 6.1.6. The (Z1)®'-grading (6.3) on Satg.¢(Heca 1) is compatible with the con-
volution monoidal structure, i.e.
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(1) the monoidal unit is homogeneous of degree 0;
(2) given A1, As € 8atg ¢(Hecg 1) which are homogeneous of degrees 6,05, the convolu-
tion product A, o Ao is homogeneous of degree 0% + 6.

Proof. This follows from Corollary 5.3.4 and the fact that the convolution product factorizes
over deisj (c¢f. the proof of Proposition 1.3.15). O

Corollary 6.1.7. The (Zx)®'-grading (6.3) on Satg (Heca 1) is compatible with constant
term functors, i.e. given a parabolic subgroup P ¢ G with Levi quotient P - M, the functor
CTp carries the 0'-graded component into the sum of the N -graded components where \! €
(Zn,, )®" lies over 6.

Proof. This follows from Corollary 5.3.6 and the fact that CTp factorizes over Xéisj. 0

6.1.8. It follows from Corollary 6.1.6 that the assignment of the #'-graded component (6.2)
to each 0 € (ZH)‘BI is lax monoidal. By equipping it with the commutativity constraint
inherited from *8atg ¢ (Hecg 1), we lift the latter to a (Zg)®'-graded étale sheaf of symmetric
monoidal e-linear categories in the sense of §A.2.4.

In particular, we may use any E.-monoidal morphism (ZH)EBI - B%e* to form the Sym-
metric monoidal twist of *8atg ¢(Heca 1) (¢f. §A.2.7). We apply this construction to the
opposite of (2.28) to obtain a sheaf of symmetric monoidal e-linear categories

+Sat9’C(HeCGA’I),(V+19)mI, (6.4)

which inherits a (Zp)®'-grading. We refer to its global section "Satg ¢ (Heca 1) (p+9ym as
the untwisted Satake category and to (6.4) as the sheaf of untwisted Satake categories.

6.1.9. Let B c G be a Borel subgroup. Using the compatibility between the (ZH)G’I—grading
(6.3) with constant term functors (¢f. Corollary 6.1.7), we obtain a constant term functor
between the sheaves of untwisted Satake categories for G and T:

+Sat9’C(HeCG’I),(V+19)EI - +Sat9’C(HeCT’I),(V+19)EI (6.5)

We shall argue that (6.5) is “independent of the choice of B.” To make sense of this
statement, we need to justify why the target of (6.5) is indepedent of B. (Note that the
induced étale level ur of T depends on B.) By Proposition 4.1.3, we may replace the target
of (6.5) by *Satg ¢(Hecrs,1)_(y+y)mt, but the induced étale level pry of TF is canonically
independent of B (¢f. Remark 2.1.15).

It thus suffices to show that the constant term functor CTg is independent of the choice
of B upon replacing its target by *Satg ¢(Hecry 1), as we do now.

Lemma 6.1.10. The symmetric monoidal functor

CTg : "Satg, ¢ (Hecg 1) - Satg ¢ (Hecrs 1) (6.6)
is canonically independent of the Borel subgroup B c G.
Proof. Recall that the target of (6.6) embeds fully faithfully into *Satg (Hecry 1 xx1 X1419),
where X545 ¢ XTI is the pairwise disjoint locus (cf. Proposition 1.3.13(1)). By compatibility

of CTp with factorization, we reduce to I = {1} and suppress it from the notation. It remains
to prove that the functor

CTp: Sat97<(HeCG) - Satg,g(HeCTu) (6.7)
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is independent of B.

To do so, we construct (6.7) using the universal Borel subgroup of G over Torel and verify
that the result descends along Torel - X (¢f. Remark 2.1.15). However, since the geometric
fibers of Torel are simply connected, every e-local system over Torel descends to X. O

6.1.11 The fiber functor. Define the fiber functor to be the composition

(6.5)
wI : +Sat97C(HeCG7I),(V+19)EI —_—> +8at97<(HeCT71),(,,Hg)mI
= Reprsr — Lis(Xh), (6.8)

where the equivalence is the untwist of (6.1) and the last functor is the forgetful functor,
for Ty c H the canonical maximal torus.
The basic properties of (6.8) are summarized as follows.

Proposition 6.1.12. The functor (6.8) is symmetric monoidal, exact, conservative, and
Lis(XY)-linear.

Proof. The symmetric monoidal structure on (6.8) comes from the symmetric monoidal
structure on CTg (¢f. Lemma 1.5.8) and the functoriality of symmetric monoidal twists.
The exactness and conservativity of (6.8) are consequences of Proposition 1.5.6.

The Lis(X!)-linearity is immediate, as all constructions we perform respect the Lis(X!)-
module structure of the Satake category. g

6.2. The Tannaka dual G.

6.2.1. We continue to assume that G is split.
For any finite set T and any étale X'-scheme U, the value of (6.8) at U yields a symmetric
monoidal, exact, conservative Lis(U)-linear functor

w': "Satg ¢ (Heca,u ) (y49yer — Lis(U), (6.9)

where Hecg u is the base change of Hecg 1 to U (cf. Proposition 6.8).

We wish to apply the relative Tannakian formalism (cf. [FS24, Proposition VI1.10.2]) to
(6.9) and identify the resulting bi-algebra object Ay € Ind Lis(U) with (the restriction of)
the external tensor product of Ax, associated to I = {1} and U = X. For this purpose, we
need to filter the source of (6.9) by full subcategories on which it is co-representable.

6.2.2 Weight functors. Let us begin with the case I={1}.

For each \ € Af, we consider the post-composition of (6.5) with the restriction functor
along @™ : X — Hecr (cf. §3.1.2):

w : Satg ¢ (Hecg (1)) - (vry ~ Lis(X), (6.10)
where we used the canonical identification of (*)*Ggee, With (v +9)()\) to identify the
target with L£is(X) (cf. Proposition 4.2.6).

Note that the functor (6.10) vanishes on all but one component of the source with respect
to the Zy-grading, namely the one corresponding to the image 6 € Zy of A (¢f. Corollary
5.3.6). It may thus be viewed as a functor

w’\ : Satéc(HecG’{l})_(ym)()\) g L’LS(X) (6.11)

By construction, (6.11) is the —(v+1)(\)-twist of the A-graded component of the constant
term functor CTg. We refer to (6.11) as the A-weight functor.
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6.2.3. Given an Lfl}G—stable closed subscheme Z of Grg (1}, we may consider the full sub-
sheaf of categories

Satg,C(L_{Pl}G\Z),(Vﬂg) c +8at97c(HeCG’{1}),(Vﬂ9) (6.12)

consisting of objects supported on (the base change of) Z.
Restricting the functor (6.9) (for I = {1}) along (6.12), we obtain a functor

Wil Satg (i, G\Z) - (vag) ~ Lis(X). (6.13)
Lemma 6.2.4. The functor (6.13) is co-representable (over any étale X-scheme).

Proof. Tt suffices to prove that for each A € A the restriction of the A-weight functor (6.11)
to objects supported on Z is co-representable. More precisely, writing 6 € Zy for the image
of A\, we need to construct an object

Py € Sat (Liy G\Z)_(v40), (6.14)

together with an isomorphism of e-local systems over X:
. Hom(Py, A) = w(A) (6.15)
natural in A € Satg,C(Lz'l}G\Z),(,,w). Here, 7 : L;’I}G\Z — X denotes the projection, and

the formation of (6.14), (6.15) must commute with étale base change along X.
Using hyperbolic localization (¢f. the proof of Proposition 1.5.6), we may present the

restriction of (6.11) to objects supported on Z as the functor (p~). (g )!(dGT’T)[dG,T], formed
with respect to the morphisms

ZnGryhy,

Z(f/ YX

and the trivialization of G, — (v +9)(0) over Zn Grg’){‘l} specified in §6.2.2.

On the other hand, the functor of forgetting the Lj{l}Gad—equivariance
Dg ¢ (L{13Gad\Z) = Dg ¢(Z),

where Gay, is endowed with the Lzl}Gad—equivariance structure corresponding to 6, admits

a left adjoint Av{ (c¢f. [BR1S, §A.2]). Since the formation of Av{ is of étale local nature
over X, we may twist it by —(v + ¥)(#) and still write Av{ for the resulting functor. By
adjunction, we have a natural isomorphism

da,T

w)‘(.A) ~ 7, Hom(PHC Av?(q_)!e(— M-da,r],A).

It follows that the following L?I}Gad-equivariant perverse sheaf over Z:
_ d
Py = PHC AV (g )re(-—) [da 1]

co-represents the functor w*. We need to show that it belongs to the Satake category.
The only remaning property to check is that (P% is ULA relative to X. To prove this, we

induct on the number of L?I}G-orbits in Z. Let j: Gré/,{l} < 7 be an open Schubert cell,
with complementary (reduced) closed subscheme i : Z' < Z. Then j*Py is locally constant
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perverse, hence of the form € for some e-local system & over X (¢f. notation of §3.3.2). We
claim that the co-unit of the adjunction

PHO;\E —» P) (6.16)

is injective: This holds because of Corollary 3.3.8, which exhibits CP’Z\ - PHO j*g as a retrac-
tion of (6.16). By the Cousin triangle, the cokernel of (6.16) is identified with i,PH%*Py,
but we have an isomorphism
PHO* Py ~ Py,
because they co-represent the same functor.
It now follows from the ULA property of A)"(E) (¢f. Proposition 3.3.3) and the induction
hypothesis that T% is an extension of ULA objects, hence ULA. O

6.2.5. In the context of §6.2.3, we write
Pz € Satg ¢ (L1 G\Z)-(v+0)

for the object co-representing (6.13), which exists by Lemma 6.2.4. (More precisely, for any
étale X-scheme U, the pullback Pz|y co-represents the section of (6.13) over U.)

More generally, given a finite set I and an I-tuple {Z; };c1 of L?l}G—stable closed subschemes
of Grg (13, we may consider the full subsheaf of categories

Ciz,) +Satg7C(HecG)_(V+19)m1 (6.17)

consisting of objects whose restrictions along the pairwise disjoint locus X'l ¢ X! are
supported on (the base change of) [T;¢ Z; under the factorization isomorphism.

The I-tuples {Z;};a form a poset under inclusion and (6.17) exhibits the target as the
filtered colimit of Cyz,, over {Z;}ier.

Lemma 6.2.6. The restriction of (6.9) to Crz,y is co-represented by the external fusion
product of Pz, overiel.

Proof. Since restriction to the pairwise disjoint locus is fully faithful (¢f. Proposition 1.3.13),
this reduces to the case where I is a singleton. O

6.2.7. For any finite set I and étale X'-scheme U, we apply the relative Tannakian recon-
struction [FS24, Proposition VI.10.2] to the fiber functor (6.9), where the source is endowed
with the filtration (6.17) on which (6.9) is co-representable (¢f. Lemma 6.2.6).

This yields a bi-algebra object Ay of Ind Lis(U) and lifts (6.9) to a symmetric monoidal,
Lis(U)-linear equivalence natural in U:

+Sat97<(HecG,U)_(V+79)m o~ AU—Comod(Lis(U)). (618)
Denote by Ax the result of this construction for I= {1} and U = X.

Proposition 6.2.8. For any étale X'-scheme U, the bi-algebra Ay is canonically identified
with the pullback along U — X1 of the external tensor product R Ax.

Proof. By [FS24, Proposition VI.10.2] and Lemma 6.2.6, there is a canonical isomorphism
of bi-algebras
Ay = colimw' (Pry1]u)Y,
olir (Pzplv)
where each Pz, is the external fusion product of Pz, over i € I. Since w! carries external
fusion products to external tensor products, the result follows. O
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6.2.9. Finally, we may define G to be the Tannaka dual of Ax, viewed as a locally constant
étale sheaf of affine monoid e-schemes over X.

Corollary 6.2.10. For any finite set 1, there is a canonical equivalence of étale sheaves of
symmetric monoidal e-linear categories over X!:

"8atg,c(Heca 1) (v+vym = Repgar - (6.19)

Proof. This is a restatement of the equivalence (6.18), where U ranges over all étale X
schemes, and we use Proposition 6.2.8 to identify Ay-Comod(Lis(U)) with Repge (U). O

6.3. Discrepancy A-torsors.

6.3.1. We assume that G is split and choose a Borel subgroup B ¢ G and a splitting of the
quotient B - T. We shall also specialize to I = {1} and omit {1} from the notation (i.e. we
write Grg instead of Grg ¢13).

The goal of this subsection is to give an explicit description of the weight functor (6.11)
applied to generators of the untwisted Satake category. For this purpose, we shall define
certain A-torsors over Mirkovié—Vilonen cycles which measure the discrepancy between two
trivializations of Gau-

6.3.2. Fix \; € Ab*, X\ € A with equal image 6 € Z.

Denote by S™* the LN-orbit of @” in Grg, where N~ c B™ is the unipotent radical of
the Borel opposite to B. Consider the Mirkovié—Vilonen cycle Gré1 NS~ in Grg. It comes
equipped with structural morphisms

Gry 2 Gy nS™ c §7A

| !

X o~ X

The restriction of Gary to Grz\}1 is identified with the pullback of §_x, (¢f. Corollary
3.1.12). The restriction of Ga,., to S™* is identified with the pullback of G_x by descent
along Grg- - Grr. Meanwhile, G, §», may be identified with the values of v+ at A,
respectively A\; by Proposition 4.2.6, which coincide because A\, \; map to the same element
0 € Zy and v + 19 factors through Zy (cf. §2.1.18).

The composition of these identifications

(v+ 19)(9)|Grg1 ns-x = Gah |Grg1 ns-a = SGrG|Grg1ns—=A
= 9w*|Gré‘;l AS-A = (V + 19)(0)|Gré1 AS—A (620)

A

thus defines an A-torsor 7** over Gré‘; NS™*. We refer to 72 as the discrepancy A-torsor

over the Mirkovi¢—Vilonen cycle Grf‘}1 NS,
ALA

The following lemma gives us some qualitative control of 7 in special cases. It is a

variant of the calculation performed in [FL10, §4.4].

Lemma 6.3.3. Let A\; € AP and X € Al be two elements with equal image in ZH Then
A descends to X under either of the following assumptions:

(1) X belongs to the Weyl-orbit of A1;

(2) G has semisimple rank 1.
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Proof. Under (1), the morphism Grg1 NS~ - X is a fibration in affine spaces. Indeed, it is
identified with the L*N~-orbit of @ (¢f. [MV07, proof of Theorem 3.2]). This implies that
any A-torsor descends to X.

Let us now assume (2). For Grg1 NS~ to be nonempty and A;, A to have the same image
in ZH, the cocharacter A must belong to the string

{Alv )‘1 - aﬂa T Sd(Al)}v

where « is the unique simple coroot of G. We shall further assume A # A1, s5(\1), or else
we fall back to case (1).

Choose an isomorphism between G, and the root subgroup N_s of G. We filter LG,

by the group subschemes L>"G, := w"L*G, for n € Z. Then the LG,-action on w” has
stabilizer L>{*NG,. Furthermore, u € LG, satisfies uw™ € Gr)(‘;1 if and only if

we [P(@N-dg | 12-{@N-dig (6.21)

where 0 < d < (&, A1) is the integer defined by Ay — A = d-«. (Thus, d coincides with the
dimension of the Mirkovi¢-Vilonen cycle Grré1 nS—A)
Projecting uw” onto the leading coefficient of u defines a morphism

Gyt ns™ - QN (o, (6.22)

where Q;éd”\)_d denotes the total space of the corresponding power of the canonical line

bundle Qx, and 0 denotes its zero section. The morphism (6.22) intertwines the L,T.q-
action on the source with the scaling G,,-action on the target, with respect to

L T, 2 L*G,, » G,,, (6.23)

where the isomorphism is supplied by & and the second morphism is the projection.
We shall now endow G o o) with the L*G,q-equivariance determined by the image 6 € Zg
G

of both A\; and X (¢f. Proposition 5.1.3, Remark 5.1.4). This in particular restricts to an

L*Taq-equivariance on G o7 such that all isomorphisms in (6.20) are L*T,4-equivariant
G

(¢f. Lemma 5.2.5, Lemma 5.2.7). Therefore, 7*1* is an L*T,q-equivariant A-torsor over
Gré‘; NS~ Since (6.22) is a fibration in affine spaces and (6.23) has a pro-unipotent kernel,
all such A-torsors canonically descend to

(LN 0)/G,, = X.
This concludes the proof. O

AA descends to X in general. However,

Remark 6.3.4. Lemma 6.3.3 may suggest that 7
this is not true.

More precisely, when G has semisimple rank > 2, it can happen that the restrictions of
™A to certain irreducible components of Grr)(‘;’1 NS~ descend to X, while its restrictions
to other irreducible components do not. We refer the reader to [Gai21, §7], where a similar

phenomenon for line bundles over Zastava spaces is studied.

6.3.5 Trivialization of 7°"0, Let us now assume that G has a unique simple root ¢&.

According to Lemma 6.3.3, the discrepancy A-torsor rot0 canonically descends to X.
We shall strengthen this result by constructing a canonical trivialization of 7940 Tt makes
essential use of the trivalization of v(at) defined in §2.1.18.

0

Lemma 6.3.6. If G has a unique simple root &, then 70 g canonically trivial.
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Proof. Tt suffices to show that (6.20) is the identity automorphism for A\; = af and A = 0.
Equivalently, we need to prove that the following diagram commutes

Swau |Gr%ﬂ AS-0 = 9GrG|Gr%umS‘v0 = 9w°|Grg"mS"0
lﬁ l: (6.24)
(V+19)(Q“)|Grguﬁsf,o (V+19)(0)|Grg"nsao

where the vertical isomorphisms are given by Proposition 4.2.6, and the lower horizontal iso-
morphism is induced from the canonical trivialization of v(at) (cf. §2.1.18). The statement
immediately reduces to the case where G is simply connected.

12

By the criterion (6.21) for the containment uw" € Gr‘éﬂ7 we have
Glr%m NS cKy, @
where for any \ € Anq, we write Ky for the subgroup scheme w*L*Gw ™ of LG, and here
w is the fundamental coweight of A,q and d := ord Q(«). Furthermore, the orbit Ky, - @’
contains both ® and . It thus suffices to prove the following statements

(1) the restriction of Sgre to Ky - @® descends to X;
(2) the isomorphism §_ .+ ~ G0 arising from (1) fits into the commutative square

gwrxﬂ = 9w0

l: l (6.25)

(v+9)(at) =~ (v+9)(0)

waﬂ

where the vertical isomorphisms are again given by Proposition 4.2.6 and the lower
horizontal isomorphism is induced from the canonical trivialization of v(at).

We shall prove both statements using the embedding G c G := G x Thq and the canonical
extension of y to an étale level 77 of G (cf. the proof of Lemma 3.5.3). The latter allows us
to extend Gg,, to an A-gerbe 9Gr(~;~ Identifying the maximal torus of G with T x T.q and
its adjoint group with G,4, we may also consider the subgroup schemes

KA =o' LG 2 wOVL G (O
of LG for each A € A,q. The inclusion Grg — Grg carries Ky, @ into Ky, - @, which
is in turn the w(®%)-translate of the Schubert cell in Grg containing w79 " Since the
symmetric form (2.19) of & evaluates to the trivial character at (0,-dw), Corollary 3.1.12

(applied to G) implies that the restriction of Gy, to this Schubert cell descends to X.
Furthermore, the induced isomorphism

Swsa0-aw) = Gg0,-aw), (6.26)

for ss the simple reflection, coincides with the isomorphism arising from Weyl-equivariance
(¢f. Proposition 3.1.14).

Therefore, the restriction of Gar to Kay, -zo¥ descends to X, and the induced isomorphism
G ot = G is the difference between (6.26) and the identity automorphism of §_0,-aw):

Gmoa(0mdw) = G (0,-dew) = Gp(0-dwy = Gp(0,-dwy -

This isomorphism renders (6.25) commutative, by comparing with the construction of the
trivialization of v(at) (cf. §2.1.18). O
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6.3.7 Application to weight functors. We shall use discrepancy A-torsors to give an explicit
description of the image of standard objects under weight functors (cf. §6.2.2).

More precisely, consider the standard functor A* associated to A; € Ab* (cf. §3.3.2).
Upon untwisting the Satake category, we may regard it as a functor

AN Lis(X) - +8at%’C(HecG)_(u+g)()\l), (6.27)

where 6 € Zy is the image of \;. Here, we invoked the fact that the image of A™M is contained
in the #-graded component of the Satake category (cf. the proof of Proposition 5.3.3).
Consider now the composition of (6.27) and (6.11) for any A € Af with image 6 in Zg:

wt o AM : Lis(X) - Lis(X), (6.28)

where we identify (v +9)(A1) with (v +9)()\). On the other hand, we have the discrepancy
A-torsor 72+* over the Mirkovié¢-Vilonen cycle Gré’1 nS™*. Along the character ¢ : A c e¥,
it defines a rank-1 e-local system ’7'2\ LA

Lemma 6.3.8. The functor (6.28) is identified with tensor product with
H* (p~ )70 (d), (6.29)
where p~ iGI‘él NS~ > X is the structural map and d is its relative dimension.

Proof. We define the weight functor w* using the constant term functor CTg- associated to
B~ c G (¢f. Lemma 6.1.10). Since CTp- is perverse t-exact (cf. Proposition 1.5.6), we have
an isomorphism for any (G_x,,()-twisted local system &:

CTp-(AY (€)) = PHY(CTe- (5 ):€)), (6.30)
where the notation j**, € are as in §3.3.2. The right-hand-side coincides with tensor product
with (6.29), by base change and the projection formula. O

Proposition 6.3.9. Let Ay € Ab™ and X € At be two elements with equal image in Zu. The
functor w* o AM is an equivalence under either of the following assumptions:

(1) X belongs to the Weyl-orbit of \1;
(2) G has semisimple rank 1.

Proof. This follows from Lemma 6.3.3, Lemma 6.3.8, together with the fact that the struc-
tural map p~: Grél NS~ - X has irreducible fibers under assumption (1) or (2). O

Proposition 6.3.10. If G has a unique simple root &, there is a canonical isomorphism
W0 A% 2idgiux)- (6.31)
Proof. This follows from Lemma 6.3.6 and Lemma 6.3.8. d

Remark 6.3.11. Proposition 6.3.10 is stated with a given Borel subgroup B c¢ G and a
section of B - T. It is, however, indepedent of these choices.

First, let us argue that the left-hand-side of (6.31) is independent of these choices. We
have seen that this is the case for the functor w® (cf. §6.1.9). As for Ao‘u, note that the
Schubert cell Gré” c Grg is independent of T ¢ B c G, as different choices are related by
G-conjugation. It remains to show that the identification of A-gerbes

Semar = (v +9)(0)]
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is independent of T ¢ B ¢ G. This follows from comparing the L*G-equivariance on gGrg"
with the canonical G-equivariance on u (cf. the proof of Proposition 3.1.14).

Next, let us show that the isomorphism (6.31) is independent of T ¢ B ¢ G. Unwinding
the definitions, this amounts to showing that the trivialization of the descent of 7o%0 ¢ X,
constructed in Lemma 6.3.6, is independent of these choices. For this, we may perform the
same construction using the universal Borel and maximal torus over Torel and verify that
the resulting trivialization of 70 descends along Torel — X (cf. Remark 2.1.15). However,
since the geometric fibers of Torel are simply connected, pullback along Torel - X induces
an equivalence on the categories of A-torsors.

6.4. The isomorphism G ~ H.

6.4.1. We remain in the setting where I = {1} and omit it from the notation. Recall the
étale sheaf G of affine monoid e-schemes over X.
The goal of this subsection is to construct an isomorphism

G~H. (6.32)

This isomorphism, combined with Corollary 6.2.10, will allow us to complete the construction
of the Satake equivalence (cf. §6.4.11).

6.4.2. Let us first note a “pointwise” version of (6.19). Indeed, given a geometric point &
of X, the stalk of Satg (Hecg) at  is canonically identified with Satg :(Hecg z) via the
pullback functor (¢f. Proposition 3.2.5).

From this fact and (6.19), we deduce the equivalence

+Sat9’C(HeCG’j)_(y+ﬂ) ~ Rep(}i, (6.33)

where Gj is the fiber of G at Z and the symmetric monoidal structure on the left-hand-side
is induced from that of "8atg c(Heca)_(y+v)-
We use (6.33) to translate properties of the pointwise Satake category to those of G.

Lemma 6.4.3. Sections of G are reductive group e-schemes.

Proof. Tt suffices to prove that the geometric fibers of G are reductive group e-schemes.

Let Z be a geometric point of X. The Satake category *Satg (Hecg z) is rigid (cf. Propo-
sition 1.6.4), showing that Gz is grouplike.

To prove that G is of finite type, we need to find a finite set of objects of Repg_ which gen-
erate it under sums, monoidal products, and subquotients (¢f. [DM82, Proposition 2.20(b)]).
For this, we may choose a set Ai,---, A, of generators of Ab* as a monoid. The images of
IC* ..., ICM generate *Satg ¢(Hecg z) and are homogeneous under the Zu-grading (cf. the
proof of Proposition 5.3.3). They thus define generators of Repg_ upon untwisting.

Finally, *Satg (Hecq z) is semisimple (¢f. Corollary 3.3.7), showing that G; is linearly
reductive. To prove that G is reductive, it remains to show that it is connected, but this
holds by the criterion of [DM8&2, Corollary 2.22]. O

6.4.4 Mazimal torus. By construction of (6.19), the forgetful functor Repg — Lis(X) factors
through the forgetful functor Repy,, (cf. §6.1.11).
Taking Tannaka duals, we obtain a morphism

Ty - G (6.34)

of locally constant étale sheaves of group e-schemes.
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Lemma 6.4.5. Sections of (6.34) are mazimal tori.

Proof. Tt again suffices to prove this assertion for geometric fibers.
Fix a geometric point Z of X. By Proposition 6.3.9(1), to each A € Al viewed as a character
of Th,z, there exists an object V € Repg_ whose image in Repy, = has a 1-dimensional A-

weight space. Namely, this V may be chosen as the image of e under A, where we take \;

to be the dominant representative of A. It follows that Ty z — G; is a closed immersion.
To prove that Ty z is a maximal torus of Gz, one may now proceed as in the classical

argument (cf. [BR18, §9.1]). O

6.4.6 Borel subgroup. Recall that the dual group H of (G, 1), being pinned, has a canonical
Borel subgroup By containing the maximal torus Ty (cf. §2.1).

Let B ¢ G be the subsheaf of Borel subgroups containing Ty which renders the character
2p dominant. It is uniquely characterized by the property that Ty has the same set of
dominant weights with respect to B ¢ G and By c H (¢f. [BR18, Lemma 9.5]).

Proposition 6.4.7. The root data of Ty c Bc G and Ty c By c H coincide.

Proof. We again pass to fibers at a geometric point Z of X and view At as the character
lattice of Ty z. Furthermore, we fix a maximal torus and a Borel subgroup T c B c G.

Let us first assume that G has a unique simple root &. In this case, H admits a unique
simple root a! = ord Q(a)-a. By Corollary 5.3.6 and Proposition 6.3.9(2) (and the agreement
of standard and intersection cohomology functors, cf. Corollary 3.3.8), the weights occurring
in a simple Gz-representation of highest weight \; are precisely elements of the set

{Ala)\l - ana 7864()\1)}

This shows that o! is the unique simple root of Gs. Since B; and Bg,z determine the same
subset of dominant elements of A, the coroot of Gz associated to af must be proportional
to ¢, as they annihilate the same hyperplane in A! ® Q. The proportion is ord(Q(«))™!,
because {t, al) = 2.

The general case reduces to the above case by compatibility with constant term functors.
More precisely, each simple root & of G determines a subminimal parabolic P with Levi
quotient P - M. By construction of (6.19) and the composition property of constant term
functors (c¢f. Remark 1.5.3), the forgetful functor Reps — Lis(X) factors through Repy,
where M is the Tannaka dual of the untwisted Satake category for M, equipped with the
induced étale level. This yields a morphism

M- G (6.35)

of locally constant étale sheaves of group e-schemes.

Note that (6.35) is a closed immersion: This follows from the same argument as in the
proof of Lemma 6.4.5 and boils down to the fact that the LiNp-orbit of @ in Grg,z (for
Np the nilradical of P) is an affine space.

Thus, of is a root of G, so the set of roots of H is contained in the set of roots of G,
preserving positivity. This containment is an equality because the weights of A* (e) € Repg. ,
for any A\; € Ab*, belong to A\; — Z*°Al (¢f. Corollary 5.3.6). The identification of coroots
follows, as (6.35) carries root subgroups of M; to those of Gj. O
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6.4.8 Pinning. Next, we shall construct a pinning on G under the assumption that G is
split. Namely, we shall construct a canonical isomorphism

Gg =~ Nas, (6.36)
where N is the root subgroup of G corresponding to .
Indeed, consider the object A”‘"(e) € Repy. By Proposition 6.3.10 and Remark 6.3.11,

the weight space w o A (e) is canonically isomorphic to the constant local system e. Since
w® o Aan(e) is tautologically isomorphic to e, we have distinguished sections

Var i€~ w™ o Ac“n(e)7
vo e~ w’ OAo‘u(e).

Under the G-action on the underlying local system of A“u(e), the subgroup Ngi acts on
the subspace spanned by {va,vo} in a strictly upper triangular manner. We obtain (6.36)
as the unique isomorphism under which a € G, acts by a-vg = vg — 2av,.

Remark 6.4.9. Our definition of the pinning on G ensures that when G has semisimple
rank 1, under the identification (G)aq = PGLs induced from this pinning, the object Avo‘u (e) €
Rep; is canonically the pullback of the adjoint representation of PGLy along G = (G)ad.

6.4.10 Construction of (6.32). When G is split, we have endowed G with the canonical
structure of a constant sheaf of pinned split reductive group e-schemes whose root data
coincide with those of H (¢f. Proposition 6.4.7). We obtain (6.32) as the unique pinning-
preserving isomorphism.

For general G, we choose an étale cover of X splitting G, over which we have a pinning-
preserving isomorphism G ~ H. To see that this isomorphism intertwines the descent data
of G and H, we may pass to the corresponding isomorphism of their root data, which is
induced from the identity automorphism of Ty (as a maximal torus of both G and H). We
thus obtain the desired isomorphism (6.32) by étale descent.

6.4.11. Finally, we complete the construction of the geometric Satake equivalence.
Proof of Theorem 2.8.2. Combining (6.19) and (6.32), we obtain an equivalence
+8at97<(HeCG71),(V+g)m1 = fRepHI (637)

of étale sheaves of (ZH)@I—graded symmetric monoidal e-linear categories over X! for any
finite set I. Twisting both sides of (6.37) by (v +9)®' (cf. §A.2.7), we obtain an equivalence
of étale sheaves of symmetric monoidal e-linear categories

+Sat9,< (HecGJ) ~ RepHI7(V+19)mI. (6.38)
The desired equivalence (2.36) arises by taking sections of (6.38) over XI. O
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Part 2. Global function fields
7. PREPARATION

In this section, we begin our treatment of global function fields. We let k be a field and
X be a smooth, proper, geometrically connected curve over k. Let D c X be a k-finite closed
subscheme (the “ramification divisor”) and write X := X \ D.

Let A be a finite abelian group whose order is invertible in k. Let G be a smooth affine
group X-scheme equipped with an A-valued étale level over )o(, i.e. a morphism of pointed
étale stacks p1: B4 G — B;%(A(l).

We begin by defining the “global A-gerbe” in §7.1. Then we explain a trace-of-Frobenius
construction for gerbes (cf. §7.2) and use it to define (-genuine automorphic forms (cf. §7.3).
These constructions are mild generalizations of standard ones in the literature (cf. [Lys06]),
where we treat ramification and general A-gerbes. In §7.4, we prove a novel result, Theorem
7.4.6, which gives a geometric interpretation of Weissman’s meta-Galois group in the function
field setting.

7.1. The global A-gerbe.

7.1.1. Denote by Bung p the moduli stack of G-bundles over X rigidified along D, i.e. the
prestack assigning to a k-algebra R the groupoid of pairs (P, ¢), where P is a G-bundles
over Xy := SpecR x X and ¢ is a trivialization of the restriction of P to Dg.

By [HeilO, Proposition 1], Bung g is representable by a smooth algebraic k-stack. The
same then holds for Bung p, since it is a torsor over Bung & with structure group the Weil
restriction of G along D — Speck.

7.1.2. By convention, we shall write Ran for the Ran space of)D( (cf. §1.1.2).

Denote by Hec(Bung p) the global Hecke stack, i.e. an R-point of Hec(Bung p) consists
of an R-point z of Ran, a pair of R-points (P°,¢°), (P!, ¢') of Bung p together with an
isomorphism over Xg \ I'y. This makes sense because Dg is contained in Xg \ I'.

We shall represent an R-point of Hec(Bung p) as:

(P%,¢%) ~ (P!, ¢)
and refer to it as a modification, in parallel with §1.1.3.

7.1.3. More generally, we may define an “outer convolution diagram” version of the global
Hecke stack as follows.

Let n > 0 be an integer. Denote by Hec["](BunGD) the moduli stack parametrizing n
points x1, -+, x, of Ran, together with a chain of modifications

(P°,¢%) %~ (P, ¢") = . % (P, 0"). (7.1)

By construction, we have structural morphisms

Hec["](BunG7D) iy [T}, Hecg
l(po,pn) (7:2)

Bung,p x Bung p

where pg, p, send (7.1) to (P%,¢°), respectively (P™,¢™), and each r; (j =1,--+,n) sends it
to the restriction of the modification P/~1 ¥ PJ to D,
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7.1.4. In parallel with §1.1.7, we shall construct a morphism of spaces
fx : Maps, (B G, B;%(A(l)) - Maps(Bung p, B*A). (7.3)

Then we will set Gpung, p to be the image of  under (7.3). We shall refer to Gpung , as
the global A-gerbe associated to the étale level p.

Remark 7.1.5. Note that A-gerbes over Bung p are canonically equivalent to those over
Bung p,.,, where D;¢q ¢ D is the reduced subscheme.

One may view this fact as saying that the our covers are “tamely ramified”. We shall see
another manifestation of this fact in §7.3.6.

7.1.6 The global trace map. Given a k-algebra R, we shall construct a morphism in the
pro-category of HZ-module spectra

trx : T(Xg, Z(1)[2]) - ['(SpecR, Z). (7.4)

Indeed, write 7 : Xg = SpecR for the projection morphism. Since 7 is smooth of relative
dimension 1, we may identify Z(1)[2] with 7'Z. Since 7 is also proper, we may use the
co-unit of the adjunction to form the composition

[(Xg,Z(1)[2]) 2 [(Xg, 7' Z)
~T(SpecR, m.m'Z) - I'(SpecR, Z),
which is our definition of (7.4).

Remark 7.1.7. In parallel with Remark 1.1.9, we comment on the behavior of (7.4) with
respect to change of coefficients: Given any complex A of torsion étale sheaves of invertible
order, the same construction yields a morphism

trx : I'(Xg,A(1)[2]) = I'(SpecR, A), (7.5)

which is related to (7.4) by the commutative diagram

I(SpecR,A) ® T(Xgr, Z(1)[2]) 2 I'(Xg,A(1)[2])

lid@trx J/trx

I'(SpecR, A) ® T'(SpecR, Z) 25 I'(SpecR, A)
7.1.8 Construction of (7.3). Using the cohomological interpretation of B"A (cf. §0.4.3), it
suffices to construct a morphism of HZ-module spectra
I'(B4G mod X, A(1)[4]) - I'(Bung,p, A[2]). (7.6)

Since the closed immersion D c X is cohomologically pure, the associated Cousin sequence
yields a fiber sequence of HZ-module spectra

I'(BpG mod D,A[2]) - T'(BxC mod X,A(1)[4]) » I'(B4G mod X,A(1)[4]).  (7.7)
To construct (7.6), it thus suffices to construct a morphism
I(BxG, A(1)[4]) > I(Bung.p, A[2]) (7.8)

and trivialize its restriction to T'(BpG mod D, A[2]).
Let P denote the universal G-bundle over X x Bung,p, which we view as a morphism
X x Bung p - BxG. We define (7.8) as the composition trx oP*, where trx is the global
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trace map (7.5) (for A = A[2]). To trivialize trx oP* over I'(BpG mod D, A[2]), we use the
commutative square of HZ-module spectra

I'(BpG,A[2]) ——— I'(BxG,A(1)[4])

J/(PlD)* l *

I'(D x Bung p, A[2]) — I'(X x Bung,p, A(1)[4])

where the horizontal arrows are given by cohomological purity. Note that (P|p)* is trivial
over I'(BpG mod D, A[2]) since P|p factors through D via ¢, as desired.
This concludes the construction of (7.3), hence the global A-gerbe Gpung p,-

Remark 7.1.9. For D = @, the morphism (7.3) is simply the morphism of spaces induced
from (7.8). In particular, it factors through Maps(BxG, B;l(A(l))7 i.e. the rigidification of
at the neutral point is irrelevant for the construction.

On the other hand, the construction of 9BunG,D shows that it is canonically trivial along
the neutral k-point of Bung p, é¢.e. the pair (P,¢) where P is the trivial G-bundle over X
and ¢ is the identity.

7.1.10. Next, we relate Spung p to the local A-gerbe Gpecq (cf. §1.1.7) via the global Hecke
action diagram (7.2) for a fixed integer n > 0.

Lemma 7.1.11. There is a canonical isomorphism of A-gerbes over Hec["](BungyD):
(pn)*gBunG,D - (pO)*SBunG,D = Z(Tj)*gHeCG- (79)
j=1

Proof. For n =0, (7.9) is the tautological trivialization of (po)*SBung.p = (P0)* SBunc -

For n > 1, we may reduce to the case n = 1 by rewriting the left-hand-side of (7.9) as a
telescopic sum. Then we need to prove the following: Given G-bundles P, P! over Xy with
an isomorphism over Xg \ I'y, where z is an R-point of Ran, the image of

u(P) = u(P°) € I'(Xg mod Xg ~ T, B*A(1))
~T'(Xg mod Xg \ T, B*A(1))

under the global trace map (7.5) coincides with the image of
w(P'p,) = p(P’lp,) € T(D, mod D, B*A(1))

under the local trace map (1.10).
This follows by identifying the morphism of HZ-module spectra

['(Xg mod Xg T, A(1)[4]) > T'(D, mod D,, A(1)[4])

e P (SpecR, A[2]) (7.10)

with the restriction of the global trace map, where the isomorphism is given by formal base
change (cf. §1.1.8). Note, however, that the composition (7.10) is defined by adjunction for
the proper morphism xg = SpecR, so the desired identification follows from naturality with
respect to the morphism zg - Xgr of proper R-schemes. O

7.1.12 Variant for coD. Let us note a variant of the construction of Gpuns , at “infinite
level”, where it is enough to start with a group scheme over X.



SPECTRAL DECOMPOSITION OF GENUINE CUSP FORMS 81

More precisely, we let G be a smooth affine group X-scheme. Denote by Bung, .p the
moduli stack of pairs (P,¢), where P is a G-bundle over Xg := X x SpecR and ¢ is a
trivialization of P over Dg ~ Dg, for Dg the formal completion of Xy along Dg. (Here, R is
a test k-algebra.)

There is a morphism of spaces

/ : Maps (B4 G, B%A(l)) - Maps(Bung een, B*A), (7.11)
X

constructed in analogy with (7.3): We use the fact that any section of B*A(1) over Xg
trivialized over Dy ~ Dg admits a canonical extension to Xg and then apply the global trace
map (7.5) (for A := A[2]). Given an étale level p of G, we thus obtain an A-gerbe Spung ..,
over Bung .p as its image under (7.11).

Remark 7.1.13. Let G be a smooth affine group X-scheme. By the Beauville-Laszlo lemma
(cf. [BL9Y5]), an R-point of Bung,.p is equivalent to a G-bundle over Xg trivialized over

Dgr. In particular, we have a canonical morphism
Bung,ep = Bung p

under which Gpung , pulls back t0 SBung eop -

7.2. Interlude: trace of Frobenius.

7.2.1. We now suppose that k is a finite field of cardinality ¢q. For a k-prestack X, we write
Fry : X — X for the gth power absolute Frobenius endomorphism, i.e. it sends x € X(R) to
x o Frgr, where Fry is induced from the ring map R - R, a — a?.

We shall describe a “trace-of-Frobenius” construction for A-gerbes, which takes as input
a k-prestack X equipped with an A-gerbe G, and gives as output an A-torsor Tr(Fr| G) over
the fixed-point prestack X, i.e. the fiber product

X — X

A (7.12)

Remark 7.2.2. Let X be an algebraic k-stack locally of finite type. Regarding the groupoid
X(k) as a discrete k-stack, we obtain a natural morphism of k-stacks

X(k) - X (7.13)

By [Var04, Lemma 3.3], X is an étale Deligne-Mumford k-stack and the morphism
(7.13) is an open and closed immersion; it is an isomorphism if A : X - X x X has connected
geometric fibers. Furthermore, by the proof of [Var04, Proposition 2.16(c)] (c¢f. [Lafl8,
§12.3.2]), (7.13) is an isomorphism for X := Bung p, where G is a smooth group X-scheme
with connected geometric fibers, which is reductive over X.

7.2.3. Recall that for any k-scheme S, the endofunctor Frg on the étale site of S is naturally
isomorphic to the identity (cf. [Stal8, 03SN]).
Let us explicitly describe the value of this natural isomorphism at an A-gerbe G:
FriG~G. (7.14)

For any étale morphism f :S; — S, the groupoid Frg(G)(S;) is the filtered colimit of G(U)
over étale morphisms u : U — S through which Frgof factors. This index category has an
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initial object, namely (U,u) = (S1, f) with the factorization Frgof = f o Frs,. The colimit
is thus identified with G(Sy).
Since the isomorphism (7.14) is natural in S, we obtain a natural isomorphism

Fry§~§ (7.15)
for any k-prestack X.

7.2.4 Construction of Tr(Fr|G). Let X be a k-prestack equipped with an A-gerbe G. Since
Fry restricts to the identity map on X™, we obtain an isomorphism

Fr;c(9|xFr) It 9|xFr (716)

The A-gerbe Tr(Fr | §) is defined as the difference between the restriction of (7.15) to
X' and (7.16), i.e. it corresponds to the composition

(716) . (7.14)
9|xFr —_— Frx(9|xpl) o~ (Frx 9)|x1«*r —_— 9|:xFr (7.17)
7.2.5. We now fix an algebraic k-stack X locally of finite type such that X(k) - X is an
isomorphism (cf. Remark 7.2.2). Let G be an A-gerbe over X.
Taking k-points of Tr(Fr | §), we obtain a morphism of groupoids

X := Tr(Fr | ) (k) - X (k) =~ X(k). (7.18)

Note that (7.18) is surjective: By functoriality of the construction, it suffices to show that
for any k-point x of X, the A-torsor Tr(Fr | §|,) over z is trivial, but this holds because G|,
is trivial, as HZ (Speck, A) ~ 0. It follows that (7.18) is a set-theoretic A-torsor.

Remark 7.2.6. Let us give a more concrete description of (7.18). Given x € X(k), we
choose an algebraic closure k of k and a trivialization g of § over T := Speck. The resulting
fundamental group of G|, fits into a short exact sequence (cf. [Weil8, Theorem 19.6])

1A - 78(5ls.9) > 7t (2,2) > L. (7.19)

The fiber of (7.18) at x, as an A-torsor, is identified with the preimage of the geometric
Frobenius element under the surjection of (7.19). To see this, it suffices to observe that the
composition (7.17) (for X := Speck) is inverse to the Frobenius-pullback on k-points.

Remark 7.2.7. Let k; be a finite extension of k of cardinality ¢; and X1 be a ki-prestack.
Write X for the Weil restriction of X; along Speck; — Speck. There is a norm map:

Nm : Maps(X, B*A) - Maps(X, B*A). (7.20)
Indeed, by adjunction, it suffices to construct a natural map of HZ-module spectra
T'(SpecR ® ki, A) = T'(SpecR, A) (7.21)

for any k-algebra R. This is given by the trace map on étale cochains, using the fact that
Speck; — Speck is finite étale.

The norm map (7.20) is compatible with the trace-of-Frobenius construction in the fol-
lowing sense: For (X1,G;) as in §7.2.5, the A-torsor Tr(Fr | §) (k1) over X;(ky), formed with
respect to the ¢ith power Frobenius, coincides with Tr(Fr | Nm §) over X(k), formed with
respect to the gth power Frobenius, under the natural identification X(k;) ~ X(k).
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7.2.8. Given the coefficient data of §1.3.1, we write Fung(%,e) for the e-vector space of
(-genuine functions on X, i.e. functions f: X — e satisfying

f(z-a)=f(z)-((a)
for each z € X and a € A. We denote by Funcvg(%, e) the subspace of compactly supported
(-genuine functions on X.

Denote by L1y(myg),¢ the 1-dimensional e-local system over X induced from Tr(Fr | 9)
along (. Since X' is identified with X(k), we have a canonical isomorphism

Func(i, e) o HO(DCFY, (LTr(Fr\g),()®_1)~ (722)

Here, the inverse appears because sections of (LTLC)@_I, for a trivial A-torsor 7 over Speck,
are canonically identified with ¢(-genuine functions 7(k) — e.

Moreover, any A € Dg ¢(X) (¢f. §B.1.3) induces a ¢-genuine function Tr(Fr | A) on X
as follows: For each z € X(k), a choice of an algebraic closure k of k and a trivialization g
of G over & := Speck defines a (-genuine representation of 7$*(G|,,7) on the constructible
complex of e-vector spaces Az, whose trace defines Tr(Fr | A) over z (¢f. Remark 7.2.6).

7.3. Automorphic forms.

7.3.1. We continue to assume k to be a finite field of cardinality ¢ and invoke the coefficient
data of §1.3.1. Instead of e, we shall work with an algebraic closure Q, of Q; and define
“C-genuine automorphic forms” using the trace-of-Frobenius construction of A-gerbes.
Assume that G — X has connected geometric fibers and is reductive over X. Then
(Bung p)™ coincides with the discrete stack Bung p(k) (cf. Remark 7.2.2). Applying the
trace-of-Frobenius construction to the global A-gerbe Spung ,, We obtain an A-torsor

Bung,p = Tr(Fr | SBune p ) (k) (7.23)

over Bung p(k). We shall refer to ¢-genuine functions over ]’3_1\15(;71) as (-genuine automorphic
forms (with ramification divisor D). They form the Q,-vector space

Fun¢ (Bung p, Q). (7.24)

Remark 7.3.2. Let us note a variant of 1’3_1\1;1(;,]3 at “infinite level”, for any smooth affine
group X-scheme G (cf. §7.1.12).

Namely, restricting Tr(Fr | GBung. ., ) (k) along Bung, con (k) ¢ (Bung,ep )™ (k), we obtain
a set-theoretic k-torsor Eﬁ_ﬁG,MD over Bung cop (k).

7.3.3. The A-torsor (7.23) may be expressed in an adelic form, as follows.

Denote by F the field of fractions of X. For each closed point x € X, we write F, for the
local field and O, for its ring of integers. Denote by Ap (respectively, Or) the topological
ring of (respectively, integral) adeles of F. By Weil uniformization, we have a fully faithful
embedding of groupoids

G(F)\G(AF)/KD C BunG7D(k), (725)
where Kp ¢ G(Op) is the kernel of G(Op) - G(Op).

Let us describe the pullback of Bung,p along (7.25) in terms of a cover of G(Ar) equipped
with canonical sections over G(F) and over Kp. To do so, we need a mild generalization of
the construction of Gyec, (cf- §1.1.7). Indeed, we shall construct a morphism

fﬁ : Maps, (B, G, B%_A(1)) > Mapsg, (L,G, B2A), (7.26)
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where Bp, denotes the deloop functor on the big étale site of SpecF,, and L, G is the loop
group associated to the k,-point z : Speck, - X (¢f. §1.1.3).

7.3.4 Construction of (7.26). For any k,-algebra R, we shall construct a morphism
Maps, (Br, G, Bf A(1)) - Mapsg, (G(D,y ), (SpecR, B*A)) (7.27)

natural in R. Here, xr denotes the R-point of X defined by =x.

By rewriting the left-hand-side of (7.27) as Mapsg, (Gr,, B%mA(l)), we shall obtain (7.27)
as the composition of the evaluation over [G)wR, followed by the morphism of E;-monoids
induced from some morphism of HZ-module spectra

I'(D,,,A(1)[3]) > ['(SpecR, A[2]). (7.28)
The morphism (7.28) is the composition of the second map in the fiber sequence
I(Day, A(1)[3]) = I'(Dag, A(1)[3]) = I'(Day mod Dag, A(1)[4]) (7.29)

with the local trace map (1.10) (for A := A[2]).

Remark 7.3.5. Given a pointed morphism Br, G — B%EA(l) equipped with an extension
to Spec O, its image under (7.26) admits a canonical trivialization over L} G. Indeed, this
follows from the fiber sequence (7.29).

In this situation, we obtain an A-gerbe over Hecg , ~ LIG\L,G/LIG. This coincides
with the (pullback of the) A-gerbe Gyec, constructed in §1.1.7.

7.3.6. For each closed point x € X, we may restrict the étale level p to SpecF, and apply
(7.26) to obtain a monoidal A-gerbe Gi,_ ¢ over L;G.

Taking trace-of-Frobenius of Gy, ¢ (with respect to the ¢, th power Frobenius, for ¢, the
cardinality of k;), we obtain a central extension

1-A-G,>G(F,)~1 (7.30)

canonically split over G(X \ z) by the sum-of-residue formula.

Since the principal congruence subgroup L2'G c LG is pro-unipotent, any monoidal A-
gerbe over L2'G is canonically trivial. This implies that (7.30) admits a canonical section
over ker(G(0,) - G(k;)). On the other hand, if z € X, then this section extends to G(O,)
by Remark 7.3.5.

Repeating the construction of [Zha22, §2.2], we obtain from (7.30) a central extension of
the adelic group

1-A->G-G(Ap) ~1 (7.31)
equipped with canonical sections over G(F) and over Kp. In particular, it gives rise to an
A-torsor G(F)\G/Kp over G(F)\G(Ar)/Kp.

Remark 7.3.7. Note that [Zha22, §2] supplies an a priori different construction of the lo-
cal covering group (7.30), and consequently another global covering group (7.31). However,
these constructions coincide for an appropriate normalization of the Tate duality isomor-
phism H% (SpecF,, A(1)) ~ A. Namely, we exhibit it as the composition

HZ, (SpecF,, A(1)) ~ H} (Speck,, A)
= Hom(Gal(kw/km)v A) ~ A,

where the last map is evaluation on the geometric Frobenius.
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Lemma 7.3.8. The A-torsor G(F)\G/Kp over G(F)\G(Ar)/Kp is canonically identified
with the restriction of Bung p along (7.25).

Proof. For each z € X, consider the Weil restriction resy (L, G) of the loop group L,G along
Speck, — Speck. Beauville-Laszlo gluing yields a map

resy(L;G) — Bung p, (7.32)

which recovers the map G(F,) - Bung p(k) in Weil uniformization upon taking k-points.

By Remark 7.2.7, it suffices to identify the pullback of Gpune , along (7.32) with the norm
of the A-gerbe 9r,,¢, compatibly with the canonical sections. Unwinding the definitions,
this amounts to identifying the composition

I'(Xg mod Xg \ zr, A(1)[4]) = (D, mod D,,,A(1)[4])

TR
trop (7.21)
—> I'(SpecR ®y ky, A[2]) —— I'(SpecR, A[2])
with the restriction of the global trace map (7.5) (for A = A[2]), where zr denotes the
(R ® kg )-point of X defined by x. As in the proof of Lemma 7.1.11, this follows from
naturality with respect to the morphism of proper R-schemes xg - Xg. We omit verifying
the compatibilities with canonical sections. O

Remark 7.3.9. The essential image of the Weil uniformization map (7.25) consists of pairs
(P,¢), where P is trivial over the generic point SpecF of X. To describe the remaining
points of Bung p(k), we need to consider inner forms of Gg.

Define the set

ker' (F, G) := ker(H}, (SpecF, G) - [ H (SpecF,,G)),
zeX

where the product is taken over closed points of X. By [Lafl8, Remark 12.2], ker' (F,G)
is finite and, after choosing a G-bundle P, over SpecF trivialized over SpecF, (z € X
representing each « ¢ kerl(F,G), the collection of Weil uniformization maps for all G, :=
Aut(P,) defines an equivalence of groupoids

L] Ga(F)\Ga(Ar)/Kp = Bung p(k). (7.33)

acker! (F,G)

Here, we implicitly extended P, (hence G, ) to X using its trivializations over SpecF,.

On the other hand, the étale level p of G induces an étale level u, of G, thanks to its
G-equivariance structure (cf. §2.1.11). Repeating the construction of (7.31) with (Ga, tta)
instead of (G, i), we obtain a central extension G, of G, (Ar) by A, and by Lemma 7.3.8,
an identification of A-torsors over (7.33):

Ll Ga(F)\Ga/Kp = Bung p. (7.34)
acker! (F,G)
7.3.10 The “sharp center”. In order to obtain some finiteness, we need to restrict the action
of the connected component Z° of the center Z of G over X. In the twisted setting, the role
of the connected center is played by a torus isogenic to Z°.
To wit, denote by Az. the sheaf of cocharacters of Z° and set

Azu = Azo n Aﬂ c A7

where At is the kernel of the symmetric form b (cf. §2.1.6). Then the inclusion Az ¢ Azo
corresponds to an isogeny of tori Z! — Z°. Since the étale level u is Eo.-monoidal over Z!
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(¢f. [Zha22, Proposition 4.6.2]), the associated cover Z! of Z!(Ar) is commutative. Moreover,
the “infinite level” construction (cf. Remark 7.3.2) applies to Z! and yields a symmetric
monoidal extension

A g B_l\ﬁlzupoD g BunzumD(k).

There is a natural Bungs p-action on Bung p defined by the natural BZ-action and
Beauville-Laszlo gluing. More precisely, an R-point (Pz, ¢z ) of Bung cop carries (P, ¢) €
Bung p to the pair (P’, ¢), where P’ is the gluing of P ® Py (defined over Xg \ Dg) with
Plp, along the isomorphism

idp ® ¢ZH :P® PZu|DR\DR ~ P|DR\DR7

and ¢’ is the trivialization of P’|p, corresponding to ¢.
Since p is BZ!-equivariant (c¢f. §3.1.6), the Bung .op(k)-action on Bung p lifts to an

action of E{l_;lzu’ooD-a.CtiOD on Bung p, compatibly with the natural A-action.

7.3.11. We shall fix a cocompact lattice = c Zﬁ(F)\Z“ which maps isomorphically onto its
image in Bungs op (k).

Using the ﬁﬁﬁzumwaction on 1’3_1\15(;,]3, we may consider Z-invariant (-genuine automor-
phic forms, i.e. the Q,-vector space

Fung (Bung p/Z, Q). (7.35)
Next, we shall define the subspace of (7.35) consisting of “cusp forms”.
7.3.12 Cusp forms. Note that the central extension (7.31) splits canonically over N(Ap) c
G(Af), where N c G is any unipotent subgroup.

We shall call a ¢-genuine function f : G(F)\G - Q, cuspidal if for any § € G and the
unipotent radical N of any proper parabolic subgroup of Gg, there holds

ng)dn =0,
/N(F)\N(AF) J(ng)

with respect to some Haar measure dn over N(Ap).

We likewise have the notion of cuspidality of (-genuine functions over Gq(F)\G, for
each a € ker' (F,G) (¢f. Remark 7.3.9). An element f of (7.35) is called a cusp form if its
restriction to each G (F)\G, satisfies the cuspidality condition.

In other words, the space of (-genuine cusp forms is given by

Funeypc(Bung p/Z,Qp) = @ Funeusp.(Cu(F)\Gu/KpZ, Q,). (7.36)
acker! (F,G)

Lemma 7.3.13. The Q,-vector space (7.36) is finite-dimensional.

Proof. Since ker!(F,G) is finite, it suffices to show that each summand in (7.36) is finite-
dimensional. However, by the proof of [Har74, Corollary 1.2.3], cuspidal {-genuine functions
over G, (F)\G, are uniformly supported on a compact subset. O

Remark 7.3.14. Instead of choosing = in the definition of (-genuine cusp forms (7.36), we
may fix a (-genuine character w: Bunzi ..p — Qj and consider the Q,-vector space

Fun?usp,((%G,Daal) (737)

of (-genuine cusp forms which are Eﬁ_ﬁzu’wD-equivariant against w.
An analogue of Lemma 7.3.13 asserts that (7.37) is finite-dimensional. In fact, all our
considerations concerning (7.36) apply to (7.37) with minor modifications.
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7.3.15 The spherical Hecke algebra. As the final topic of this subsection, we define the
spherical Hecke algebra and its action on the space of (-genuine automorphic forms.

Let @ be a closed point of X. Recall that the étale level 1 defines a multiplicative A-
gerbe Ghec, , over the local Hecke stack Hecg , (c¢f. §1.1.7). Its trace-of-Frobenius yields the
groupoid G(0,)\G,/G(0,) over Hecg . (k), where G, is the cover of G(F,) associated to p
(¢f. Remark 7.3.5).)7 The induced multiplicative structure on G(0,)\G,/G(0O,) coincides
with the one defined by the group structure on G, its splitting over G(0O,).

In particular, the Q,-vector space

Func,C(G(Ow)\Gw/G(oﬂc)a6@) (7'38)

of compactly supported ¢-genuine functions on G(0,)\G,/G(0,) admits an algebra struc-
ture by convolution. We shall refer to (7.38) as the spherical Hecke algebra at x.

7.3.16. We shall obtain distinguished elements of (7.38) using the geometric Satake equiv-
alence (2.39) (for I = {1}). We fix a square root ¢*/? ¢ Q, which determines a half-integral
Tate twist Q,(3).

Indeed, denote by “H, the unramified local L-group at z, i.e. the base change of the
L-group (2.33) along 7$'(z,7) —» 7¢*(X,Z) (where we assume that 7 lies over ). The stalk

of (2.39) at x (c¢f. Proposition 3.2.5) yields a monoidal equivalence
Satg,¢(Hecg ;) = Rep(“H,). (7.39)

Thus, to each V € Rep(“H,) corresponds an object Sy of Satg (Hecg . ).
Taking Grothendieck groups and applying trace-of-Frobenius of twisted constructible
complexes (cf. §7.2.8), we obtain a map of Q,-algebras
Ko(Rep("H,)) ~ Ko(Satg ¢ (Hecg )
- FunC,C(G(OI)\C"w/G(OxLQZ) (740)
V- hV,w = TI(FI‘ | Sv)
Remark 7.3.17. Denote by “H! the fiber of “H, — n¢*(x,z) at the geometric Frobenius

element Fr,. It admits the natual structure of an affine variety over Q, and an H-action by
conjugation. Consider the Q,-algebra of H-invariant algebraic functions on it:

r(*H!//H,0) =T ("HL, 0)".

It receives a map from Ko (Rep(¥H,)), mapping V to the character of its restriction to Lyl
By [Zhul7, §5.6], (7.40) factors through an isomorphism of Q,-algebras

D(“H,//H, 0) = Fun,¢ (G(02)\G2/G(0:), Qy), (7.41)

which is our version of the classical Satake isomorphism.

We note that a version of the classical Satake isomorphism for covering groups (over
any nonarchimedean local field) has been obtained by McNamara (c¢f. [McN12]). In the
remainder of this article, we will not use the isomorphism (7.41).

17By Remark 1.1.5, Hecq , admits an ind-presentation by limits of algebraic stacks X such that X(k) is
canonically isomorphic to X" (¢f. Remark 7.2.2).
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7.3.18 Hecke action. The spherical Hecke algebra (7.38) acts on the Q,-vector space of
¢-genuine automorphic forms (7.24).

Indeed, by Lemma 7.1.11 (for n = 1), the trace-of-Frobenius of (p1)*SBung,, Over the
global Hecke stack at z may be identified with the groupoid

Bung proor x40 (G(0,)\G./G(O.)),

where B_{ElG,DH)or is the pullback of ]’3_1\1;1(;7]3, and the superscript G(O, ) x A means quotient
by the anti-diagonal action. It admits structural morphisms pqg, p1, r:

Bung proor x4 OA (G(0,)\G2/G(02)) 5 G(0,)\G/G(O,)
l(l’mpl) (7'42)

Bung,p x Bung p

where pg, r are projections onto the first, respectively second factor, and p; is the multipli-
cation map. Integral transform along (7.42) thus defines an action

Fun((mG,Daaé) O Func,C(G(ox)\é”ﬂ/G(OI)aQZ) (743)
frh=(@h(pof rh),

where upper-* indicates pullback and lower-* indicates summation along fibers.

The action (7.43) preserves the subspace of E-invariant automorphic forms (7.35), as it
commutes with the Eaflzu’mD—action. It also preserves the subspace of cusp forms (7.36), by
compatibility with the constant term functors (cf. §1.5).

7.4. Meta-Galois group wvs. ¥-characteristics.

7.4.1. As the final topic before we tackle the spectral decomposition of (7.36), we shall prove
a result that “explains” the appearance of Weissman’s meta-Galois twist in the formation
of the L-group (cf. [Weil8, §4]).

This relies on results of §4.2, together with a categorical analogue of geometric class field
theory, which we shall presently explain.

7.4.2. We fix a geometric point 77 lying over the generic point 7 := SpecF of X. We also
assume that D is nonempty, so Bung, ..p is a k-scheme.

m

The Artin reciprocity map is an isomorphism of topological abelian groups:
Art s 7 (X, 7)% 5 Bung,, eop (k)P (7.44)

where the target denotes the profinite completion of Bung,, «op(k). The isomorphism (7.44)
is normalized so that the geometric Frobenius element ¢, € Gal(k,/k, ), for each closed point
z € X, maps to O(z).

On the other hand, consider the Abel-Jacobi morphism:

AJ:X - Bung,, cod (7.45)

sending an R-point z to O(x), equipped with its canonical trivialization over Dg. The Abel-
Jacobi map (7.45) recovers (7.44) via trace-of-Frobenius as follows: Given a multiplicative
A-torsor 7 over Bung,, «p, defining a character Tr(Fr | 7) : Bung,, on(k) = A by the
classical trace-of-Frobenius construction, the character Tr(Fr | 7) o Art coincides with the
character of 71 (X, 7) associated to the A-torsor AJ*(7) over X.
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7.4.3. We shall prove a categorical analogue of the aforementioned compatibility.

Denote by CExt(7$(X,7),A) the groupoid of central extensions of 7¢* (X, 77) by A, so the
map sending an A-gerbe § over X to the étale fundamental group of § - (Gl5) (cf. [Weil8,
Theorem 19.6]), where §|; is viewed as a constant A-gerbe over X, defines a map

Maps(X, B2A) —» CExt(m (X, 7),A). (7.46)
Proposition 7.4.4. The following diagram canonically commutes:
Mapsg_ (Bung,, on, B*A) AT Maps(X, B*A)
lTr(Fr\-)(k) l(7.46) (7.47)

Mapsg,_ (Bung,, cop (k), BA) 2" CExt(m1 (X, 7), A)

my

Proof. Recall that the containment
Mapsg(Bung,, ..n, BA) c Mapsg_ (Bung,, ,eoD» B2A)

admits a retract, sending an E..-monoidal morphism to a Z-linear morphism with the same
underlying E;-monoidal morphism (c¢f. §2.2.5).

Note that both Tr(Fr | -)(k) and AJ” factor through this retract: This is obvious for AJ*,
while for Tr(Fr | -)(k), this holds as any symmetric monoidal morphism Bung,, p(k) > BA
is uniquely determined by its underlying monoidal morphism. We thus reduce to proving
the commutativity of (7.47) over the subspace Mapsg(Bung,, cn, B*A).

Over the neutral connected component of Mapsg (Bung,, «D, BQA), we may establish the
commutativity of (7.47) after taking loop spaces, where it reduces to the classical compati-
bility between Art and AJ (c¢f. §7.4.2).

By étale descent, it remains to prove that any Z-linear morphism Bung,, b — B2A is
trivial over a finite extension of k, i.e.

Eth(BunGWOOD, A)~0,

where Ext denotes the internal Ext-group for étale sheaves over Speck.

Replacing k by a finite extension if necessary, we may assume that the reduced subscheme
of D is a finite (nonempty) collection of k-points z' = (2%);e; of X. We choose an element
19 € I and fit Bung,, p into a system of three short exact sequences:

[Lia ker (LY, G, = Gip)

I

Bung_ oD Pic°

my

! |

[Tiziy Gm —— Bung,, ;0 — Pic

I

Z

where Pic ~ Bung i, is the Picard scheme of X and Pic’ is its neutral component. It
thus suffices to prove Ext2(M, A) ~ 0, for M a pro-unipotent group scheme, G,,, an abelian
variety, or the constant sheaf Z.
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The pro-unipotent case and the case M = Z are clear. For M = G,,, or an abelian variety,
we may replace A by p,, for an integer n > 1 invertible in k. Morphisms M — p,[2] of
complexes are equivalent to morphisms M, tors = G, [1], where M, tors € M is the subgroup
k-scheme of n-torsion elements. However, Ext! (M, -tors, Gin) = 0 because M,,_tors is finite
(locally) free (c¢f. [GRR72, Exposé VIII, Proposition 3.3.1]). O

7.4.5. Let us now assume that chark # 2 and A is the subgroup {1} of e*.

Consider the étale level i : BG,, - B*{+1}®? defined by self-tensor product of ¥ mod 2,
i.e. the morphism BG,,, — 82{:!:1} given by the double cover of G,,. The topological cover
of Af induced from p is the central extension

1> {1} > lg;ﬂ - AfF -1 (7.48)
defined by the cocycle

AL @ Af > {£1}
a®br~ [[{a,b}e,
zeX

where {-,-}, is the quadratic Hilbert symbol at z € X. Indeed, by Remark 7.3.7, the central
extension (7.48) may be obtained from the construction of [Zha22, §2.2], so this identification
follows from [Zha22, Proposition 2.3.12].

The central extension (7.48) is equipped with canonical splittings over F* and Of. It
induces, in particular, a central extension of Bung, «p(k), whose pullback along Art is the
meta-Galois group of X (cf. [Weil8, §4]):

L {1} > 75X, 7) - 77" (X, ) > 1. (7.49)

We shall identify (7.49) as the étale fundamental group of the {+1}-gerbe \I/(Q;) mod 2
of ¥-characteristics of X (cf. §2.1.21).

Theorem 7.4.6. The topological central extension (7.49) is canonically identified with the
image of \IJ(Q;) mod 2 under (7.46).

Proof. First, we observe that the following diagram commutes

J;

Mapsg_ (Bg G, BL{£1}%?) — Mapsy_(Bung,, con, B*{1})

l lﬁ(m.)(k) (7.50)
Mapsg_ (F*\AL/Kop, B{1}) = Mapsg_(Bung,, cn(k),B{£1})

where the top horizontal arrow is given by the E.-monoidal version of (7.11) and the left
vertical arrow is the construction of adelic covers from étale levels. The commutativity of

(7.50) is an Ee-monoidal version of Lemma 7.3.8 and follows from its proof.
By construction, (7.49) is the image of p under the lower circuit of (7.50), followed by

pullback along Artin reciprocity 7.44. By the commutativity of (7.50) and (7.47), we may
also express it as the image of p under the composition

Mapsg_ (B G, B;%({:l:l}®2) I—X> Mapsg_ (Bung,, op, B*{£1})

AT, Maps(X, B3 £1}) % CExt(n (X, 7), {£1}).
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It therefore remains to identify the image of 1 under AJ* o [, with \I/(Q;) mod 2. How-

ever, since AJ factors through the map @' : X — Grg,, (13 (cf §4.1.4 for A ~ Z), this
identification is a special case of Proposition 4.2.6. O

Remark 7.4.7. It follows from Theorem 7.4.6 that the meta-Galois group for function fields
(global, local, and local integral) is non-canonically split, and is functorial with respect to
finite separable extensions. These facts have been established by Weissman by different
means (cf. [Weil8, §4.2, §4.4]).

Moreover, for k of characteristic 2, Weissman stipulates the meta-Galois group to be the
split extension of 7$*(X,7) by {+1} (cf. [Weil8, §4.1]). This appears to align well with the
fact that X admits a canonical J-characteristic in characteristic 2 (cf. [Ati71]).

8. SPECTRAL DECOMPOSITION

The goal of this section is to construct the spectral decomposition of (-genuine cusp
forms, following V. Lafforgue’s method (cf. [Laf18]). All arguments of this section are minor
variants of those of op.cit. and are already sketched in [Lafl8, §14]. Thus, one may view
this section as explaining how to put our results in contact with Lafforgue’s work.

Let k be a finite field of cardinality g. Let X be a smooth, proper, geometrically connected
k-curve with a nonempty k-finite closed subscheme D c X. Write X := X\ D and Ran for the
Ran space of X (¢f. §1.1.2). Let £ be a prime not dividing ¢ and Q, be an algebraic closure
of Q with a chosen square root ¢'/2. Let A be a finite subgroup of Q, and write (: A > Q,
for the inclusion. Let G be a smooth affine group X-scheme which is reductive over X. Let
1 be an A-valued étale level of the base change of G to X. Let = be as in §7.3.11.

8.1. Statement.

8.1.1 L-parameters. We fix an algebraic closure F of the field of fractions F of X and write
77 := SpecF for the corresponding geometric point of X. The L-group (2.33), applied to X,
yields a short exact sequence of topological groups

1 Hy(Q) » "Hy » i (X,7) > 1. (8.1)
By an L-parameter, we mean an Hj (Q,)-conjugacy class of continuous sections
o 7t (X,7) - VHy (8.2)
of the surjection in (8.1).

8.1.2. By construction, (8.1) is the pullback of an extension “Hr of some finite quotient
(X, ) > T by H;(Q,). Thus, we may view “Hr as (the Q,-points of) an algebraic group
over Q, whose neutral component is reductive.

We may use this observation to define “semisimplicity” of an L-parameter. Namely, a
continuous section (8.2) is semisimple if the Zariski closure of its image in some “Hr has
reductive neutral component. An L-parameter [o] is semisimple if some (equivalently, any)
representative of [o] is semisimple.

Remark 8.1.3. Since (8.1) is induced from an extension “Hy, _ of (X, 7) by Hj(e) for
some finite extension e of Qg, it also makes sense to say that an L-parameter is “defined”
over an intermediate field between e and Q,.
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To be more precise, an L-parameter is defined over ej, for an intermediate field e c e; ¢ Q,,
if a representative of it factors through a continuous homomorphism 7$*(X,7) — LHX o
where “Hy ., is the extension of (X, 7) by Hj(e1) induced from “Hy _ along the inclusion

Hj(e) © Hy(er).

8.1.4. For each closed point x € )0(, we choose a k-point Z lying over = to form 7$(z,z). A
choice of an étale path Z ~ 7 in X yields a continuous homomorphism 7t (2, z) - 7$4(X, 7),
along which we may pull back (8.1) to obtain the unramified local L-group (¢f. §7.3.16)

1-Hy(Qp) - "H, —» 75" (2,7) - 1. (8.3)

Thus, given an L-parameter [o], we obtain a H;(Q,)-conjugacy class [0,] of continuous
sections o : w5t (x, %) - VH, of the surjection in (8.3).

Writing Fr, € n¢%(z,7) for the geometric Frobenius element, we obtain an Hj;(Q,)-
conjugacy class [0, ](Fr,) in “H,, which we may regard as the (unramified) local L-parameter
associated to o at x.

8.1.5. In §7.3, we have defined the Q,-vector space of (-genuine cusp forms (7.36) equipped
with the action of the spherical Hecke algebra at each x € X (cf. §7.3.15).

Our main result is a deomposition of (7.36) indexed by semisimple L-parameters, where
each summand is a simultaneous eigenspace for all the Hecke operators.

Theorem 8.1.6. There is a canonical isomorphism

Funcusp,¢ (Bung,p/E, Q) ~ P Hp [+ (8.4)
[o]

indezxed by a set of L-parameters [o], such that:
(1) each [o] is semisimple (cf. §8.1.2);
(2) each [o] is defined over some finite extension of Qg (cf. Remark 8.1.3);

(3) each Hp [, is a Hecke eigenspace: For any x € X and V € Rep(*H,), the operator
hy . acts on Hp (51 by the scalar Tr([o,](Fry) | V) (cf. §8.1.4).

8.1.7. The spectral decomposition (8.4) is compatible with inclusions of nonempty k-finite
closed subschemes D c Dy of X, i.e. the restriction map

Funcusp,¢ (Bung,p/Z, Q) © Funeysp,¢c (Bung,p, /2, Qy) (8.5)

carries Hp [,] into Hp | (], where we view [o] as an L-parameter over X \ D; by restriction

3

along X\D; c X\D=X.
Assuming that G splits, we may take the union of (8.4) over the poset of nonempty
k-finite closed subschemes D to obtain the “generic form” of spectral decomposition

Funeusp, ¢ (GIF\G/Z, Q) = D Hioy (8.6)
where [o] ranges over H;(Q,)-conjugacy classes of continuous sections Gal(F/F) —» “H,,.
Here, “H,, denotes the pullback of (8.2) along Gal(F/F) ~ n$*(n,7) - n¢*(X, 7).

Remark 8.1.8. If one is only interested in the generic form (8.6) of the spectral decompo-
sition, it suffices to replace our input (G, ) by a reductive group F-scheme G equipped with
an A-valued étale level p. Indeed, one extends G to a smooth group X-scheme as in [Lafl8,
§12.1] and p likewise extends to some open subscheme of X by [Zha22, Lemma 2.2.5].



SPECTRAL DECOMPOSITION OF GENUINE CUSP FORMS 93

However, we note that an extension of p across a closed point = of X is additional data.
Thus, in order to state the compatibility between (8.6) and the Satake isomorphism at a
point z € X (i.e. the analogue of statement (3) of Theorem 8.1.6), we must assume that G
is reductive over O, and choose an extension of y along SpecF, c SpecO,.

Remark 8.1.9. In the statement of Theorem 8.1.6, we assumed D # @. However, it also
applies when D = @ and X is not isomorphic to P!. Indeed, this is because we only use the
property that X is an algebraic K(m,1)-space (cf. §2.2.8), which holds as long as it is not
isomorphic to P!.

8.2. Cohomology of Shtukas.

8.2.1. The remainder of this article is devoted to the proof of Theorem 8.1.6. The main con-
struction involved is the moduli space of Shtukas, which dates back to Drinfeld’s pioneering
works [Dri87a, Dri87b, Dri88].

In this subsection, we shall define the cohomology of Shtukas in the twisted setting. This
relies on the twisted geometric Satake equivalence (c¢f. Theorem 2.3.2) and the compatibility
between the local and global A-gerbes (c¢f. Lemma 7.1.11).

8.2.2 Moduli of Shtukas. For any integer n > 0, we define the moduli stack of Shtukas to be
the fiber product of k-stacks

Sht[(;]D — Hec[n](BunG’D)

l l(po Pn) (8.7)

(id,Fr
Bung p *g Bung,p x Bung p

where the structural maps pg, p,, are as in §7.1.3.
In other words, an R-point of Shtgb]D consists of R-points z1,--,z, of Ran, a chain of n

modifications along with an isomorphism
(PO’QSO) 1 (P1,¢1) L2  ZIm (Pn,(bn) ~ (TPO’T¢7L)’ (88)
where the superscript 7 means pullback along the endomorphism idx x Frg of Xg.
The R-points z1,-,z, of Ran" are called the paws of the Shtuka (8.8). By [Var(4,
Proposition 2.16] (¢f. [Lafl8, Lemma 12.19] for nonsplit G), Sht[C;f]D is a relative ind-Deligne—

Mumford stack over Ran".

Remark 8.2.3. For n =0, the Cartesian square (8.7) reduces to the square (7.12) defining
the Frobenius-fix point stack of Bung p. Thanks to Remark 7.2.2, the latter is identified
with the discrete stack Bung p(k), so we have a canonical isomorphism

Shtly ), ~ Bung,p (k). (8.9)
8.2.4. For each j =1,---,n, we have a morphism
Tt Sht[g)]D — Hecg (8.10)

sending (8.8) to the restriction of P % P™ to D, .
Recall the local A-gerbe Gpec, over Hecg (cf. §1.1.7). We shall need a canonical trivial-
ization of the sum of pullbacks:

Ggpetr1 = 25 (75)" GHeee - (8.11)
D T
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Indeed, by Lemma 7.1.11, the A-gerbe (8.11) is canonically identified with the pullback
of (Pn)*IBunc.p — (P0)*IBunc » along the top horizontal arrow of (8.7). Using the commu-
tativity of (8.7), we may rewrite it as the pullback of

(FrBunG,D)*gBunG,D - 9BunG,D (812)

along the left vertical arrow. However, the A-gerbe (8.12) admits a canonical trivialization
by (7.15). This yields the desired trivialization of (8.11).

8.2.5. Given a family of finite sets 11, -+, I,,, we write Shtlé,’]g’l" for the base change of Shtgl,][)

along the product of the maps X% - Ran over 7 =1,---,n, with respect to the paws.
We shall construct a functor

n
1 7...’In
Rep([T"Hyy, ) = D(Shtg '), (8.13)
j=1
where LHXIJ is the L—gl’rou}) defined in §27.2.10 (for j =1,-,n). Here, [T}, LHXIJ- is viewed as
an extension of [Tj_; 7{* (X%, 7) by H%(QZ) (with T:=T; u---ul,) and the source of (8.13) is
the category of its continuous representations on finite-dimensional Q,-vector spaces which
are algebraic over H%(Qe).
8.2.6 Construction of (8.13). Recall the outer convolution diagram I/{jc/clé""’l”' together with
the structural morphisms p1, -+, P, (cf. §1.4.2). Denotglb/y Satgyg(lﬂfcg""’lno) the category of
(X721 P} GHecq, ¢)-twisted perverse ULA sheaves over Heclé’”"l"' relative to X!. (Asin §1.3.7,
perversity is defined with respect to the pullback to the corresponding version of the affine
Grassmannian Grlé’""l", parametrizing modifications (1.39) where P is trivial.) There is a
morphism
Tllv"',ln : Shtg’an s I_Te_(’:g;“',ln (814)
sending (8.8) to its restriction over Dy, y...uz, (and forgetting the last isomorphism).
Consider the functor

I1 Rep(LHXIj) - Sat974(}’1‘e_61é’“’1”) (8.15)
j=1

(V17 vVn) g ®ﬁ;81j,V]’7
j=1

where 81, v, € Satg ¢(Hecg1,) denotes the image of V; under the equivalence (2.39). Since

(8.15) is Q,-multilinear and right exact in each factor, it factors through the tensor product of
the Tannakian categories Rep(“Hy; ), which is identified with Rep(ITj-1 YHyy,) (cf. [Del90,
§5.18]). This yields a functor

Rep(J ] “Hy1,) — Satg ¢ (Hecg ™). (8.16)

j=1
The desired morphism (8.13) is the composition of (8.16) with the pullback along (8.14),
which is an untwisted complex by the canonical trivialization of the A-gerbe (8.11).

Iy, In

Remark 8.2.7. Let us express Hecg as the quotient of Gﬂ;“ by LT G, which acts by

modifying the trivialization of P%. It acts on any closed subscheme Z, of ’G\;EI" through
some finite type quotient L{ G - Hg (cf. Remark 1.1.5).
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The pullback of Shtg”b"l" to the stack L G\Z,, along (8.14) is smooth over Hg\Z,, of the

same relative dimension as Hg over X! (¢f. [Laf18, Proposition 2.8]). This implies that the
image of (8.13) consists of perverse ULA sheaves relative to X'.

8.2.8 Buny .p (k)-equivariance. Recall the Bung; op-action on Bung p (cf. §7.3.10). This
induces a Bungzs .p-action on Hec["](BungyD), by acting on each term in a chain of modi-
fications (7.1). This action lifts to a Bung .op(k)-action on Sht[(;]D.

We shall argue that (8.13) factors through the category of Bung: .p(k)-equivariant ob-
jects in D(Shtg:g’ln). Indeed, by the equivariance structure on (8.14):

Bunzi eop(k) O Shtdp™

| Jas

LiBZ!  ©  Hecg '

where the left vertical arrow is the restriction to the appropriate formal disk, this follows
from the observation below.

Lemma 8.2.9. The functor forgetting L BZ!-equivariance is an equivalence:
Satgwg(I"E(’JIé’m’I")L?BZ“ ~ Satgyg(I"E(‘JIé’m’I").

Proof. The forgetful functor is fully faithful, as L{ BZ! may be written as an inverse limit of

connected smooth algebraic X'-stacks. It remains to prove that it is essentially surjective.
Let A be an object of SatgiéHecg""’I"LDenote by a and p the action, respectively

projection map from L BZ! x Heclé""’l" to Hecg""’l". It suffices to find an isomorphism

a*A~p*A (8.17)

extending the natural isomorphism over the neutral section e x }Te_ég""’l", as such an iso-
morphism is unique if it exists.

By universal local acyclicity, it suffices to construct (8.17) over the pointwise disjoint
locus in X' (c¢f. [HS23, Theorem 6.8]). Using the factorization structure, we may further
reduce to the case where I is a singleton, where (8.17) exists by Proposition 5.3.3. d

8.2.10. Let us now invoke the lattice =. Consider the structural morphism
PR Lioln e 3
v Shg /2 - X, (8.18)

which is a relative ind-Deligne-Mumford stack (cf. §8.2.2).
On the other hand, the functor (8.13) factors through the category of Z-equivariant
objects (cf. §8.2.8), defining a functor

n

Rep([ ] "Hyy,) - D(Shtg 5" /E), (8.19)

Jj=1

Vi 3711’...’17“\/.
For any object V € Rep(IT}; LHXIJ- ), we shall write
:H:Il,m,ln,,\/ = (VIE“”’IW )!EFIl,~~~ L,,V € Ind D(il) (820)

)

and refer to it as the cohomology of Shtukas with coefficients in (the perverse sheaf associated
to) the representation V.
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Remark 8.2.11. There is a canonical isomorphism in Ind D(}o(I):
Hi, on, v = Hi, (8.21)

where the right-hand-side is the cohomology of Shtukas with coefficients in the restriction
of V along the natural map LHXI - ]'[;L:1 LH)"(Ij.

Indeed, (8.21) follows from the compatibility between (8.16) and (a mild generalization
of) the outer convolution product (cf. §1.4.4, for n possibly distinct finite sets Iy, 1,,.)

8.2.12 The case n = 0. For n = 0, the source of (8.19) is the category of finite-dimensional
Q,-vector spaces, while the right-hand-side is D(Bung p(k)/Z) (cf. Remark 8.2.3). Let us
identify the image 81 of the 1-dimensional vector space 1 := Q,.

By construction, 81 is obtained as follows: Consider the constant 1-dimensional local
system QE over Bung p, regarded as twisted by the pullback of (-SBung.p) 9Bung.p along
the diagonal of Bung p. The pullback of Q, to Bung p(k) may be viewed as an untwisted
complex by trivializing the pullback of (~SBung p) B 9Bung. p along

(id, FrBung,p ) : Bung,p = Bung,p x Bung p

via (7.15). This complex is the 1-dimesional local system (Lry(ryjg),c)® " (¢f. §7.2.4).
Thus, (7.22) (applied to quasi-compact substacks of Bung p) yields an isomorphism

Hy g, = Fune ¢ (Bung p/Z, Q). (8.22)
8.3. Hecke action.

8.3.1. In this subsection, we construct an action of the spherical Hecke algebra (cf. §7.3.15)
on the cohomology of Shtukas (cf. §8.2.10)

More precisely, for each closed point z € X and element h € Fun, ¢ (G(0,)\C./0,), we
shall construct an endomorphism T(h) of the restriction of Hy, .1, v to (X ~ 2)!, where
Iy,--+,1,, is any family of finite sets with I:=T; u---ul, and V € Rep(]'I?:1 LH)"(I]- ).

8.3.2. Theis construction will makes use of the Hecke correspondence for Sht[él ]D.

Namely, write Hec(Shtgi 13) for the prestack parametrizing two R-points
(PO,¢%) = - 55" (P, ¢" ) % (TP, 7¢) (8.23)
Q%) = - F(Q Ly R (7Q, ) (8.24)

of Sh‘cgz ]D over the same R-point (z1,+,z,) of Ran", equipped with an isomorphism off the
graph of another R-point x of Ran disjoint from x1,---, .
Sending an R-point of Hec(ShtEg]D) to (8.23), respectively (8.24), as well as the restriction

of PO % Q° to D, define morphisms p, ¢, and r in the following diagram:

Hec(Sht[CZ]D) —— Hecg (k)
| (8.25)
Sht!]) xane Shlh

where we have identified Hecg (k) with the Frobenius-fixed point stack of Hecg.
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8.3.3. We shall formulate a compatibility statement for A-gerbes with respect to (8.25).
Recall the A-gerbe Gy (n) over Sht[él]D (cf. §8.2.4). Since the post-compositions of p, ¢
G,D ?

with each r; (j =1,--,n) coincide, we obtain an isomorphism of A-gerbes
¥ n = q" nl - 8.26
p SSht[G,]D q 9Sht[Gy]D (8.26)

On the other hand, loc.cit. supplies a canonical trivialization of G whose pullback

Shtl'l
along p and ¢ do not coincide under the isomorphism (8.26).

Lemma 8.3.4. With respect to the pullbacks of the canonical trivialization of G under

p and q, the isomorphism (8.26) is given by the A-torsor r* (- Tr(Fr | Ghece ))-

Proof. The value of (8.26) at an R-point of Hec(ShtEi]D) is the sum of isomorphisms

Sttece (P % PY) = Gpreee (71 ¥ Q7), (8.27)
supplied by the identifications (P#~! % P7) ~ (Q7! o Q’) over Dy, , over j =1, n.
On the other hand, we may use Lemma 7.1.11 to rewrite (8.27) as an isomorphism
9BunG,D (Pj7 ¢]) - 9BunG,D (Pj_17 ¢j_1) = SBuDG,D (QJ ) '(/)]) - SBuHG,D (Qj_l ) ’L/)j_l)' (828)

Since (8.28) is obtained from an identification of Hecke modifications along z;, it admits the
following description: Taking the difference of the isomorphisms from Lemma 7.1.11

SBunc.p (P, #) + Stteeg (P~ Q7) = Gpung, o (7, 4),
SBunc,p (P77 &™) + Grtees (P = Q771) = Gung o (77, 477),
and applying the identification in Hecg ,
(P Q) = (P12 Q7),
supplied by the Hecke modifications along x;, we again arrive at (8.28).

Using this description, we see that the sum of (8.27) over j = 1,--,n yields the difference
of the two isomorphisms from Lemma 7.1.11

SBunc.p ("P%,76%) + Stteee ("P* * 7Q") % Spung 5, (TQ°, "), (8.29)
9BunG,D (PO» ¢0) + 9HCCG (PO % QO) = 9BunG,D (Qoa 7;[}0) (830)

under the composition of identifications in Hecg z:
(PO%QO) E(Pl%Ql) 2"'E(TPO%TQO) (831)

supplied by the chains of Hecke modifications along 1, Z,,.

Identifying the values of Gpung , at (TPY,7¢") and (P?,¢°), respectively (TQ°, "4°) and
(QY,4?), using Frobenius-equivariance (7.15), we may write the difference of (8.29) from
(8.30) as an automorphism of the trivial A-gerbe, i.e. an A-torsor.

The above discussion allows us to identify this A-torsor with the difference of the Frobenius-
equivariance isomorphism

9HeCG (PO % QO) = 9HecG (TPO % TQO)

from the isomorphism induced from the identification (8.31). By construction, this is inverse
to the A-torsor Tr(Fr | Guec., ) over Hecg (k) (cf. §7.2.4). O
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8.3.5 Construction of Hecke action. Let 1,---,1,, be a family of finite sets, with I := I;u---ul,,.
Fix a closed point x of X. Consider the base change of (8.25), where the paws of the Shtukas
are restricted to (X \ x)! and the copy of local Hecke stack Hecg (k) is restricted to z:

Hec, (Shtg"") —— Hecg,o (k)
l(m) (8.32)

TR S Iy, T
Shtg'n ™ X (xuayr Shtgp

Given V ¢ Rep(H}Ll LH}sz ), we have defined the E-equivariant perverse sheaf Fy, .1, v
over Shtléj'r')"l" (¢f. §8.2.10). Using Lemma 8.3.4, we obtain an isomorphism of E-equivariant
perverse sheaves

P Tt 1,V O (Bme(iriGaree )T = €1, 1,V (8.33)

By expressing ¢ as a union of étale morphisms, we obtain from (8.33) a morphism

@ (P T2,V O (Le(riS110e) S ) = Tl v

and thus by taking compactly supported cohomology along VIE“"’I" (¢f. §8.2.10) and using
the isomorphism (7.22), we obtain a morphism in Ind D((X \ z)):

j‘f117...71mv|(>“<\x)1 ® Func7c(G(Ox)\éx/G(O$)) — 9{111"'71n7V|(5{\x)17
and thus a map
T : Fung, (G(0)\Ga/G(0,)) = End(Hy, o1, vl 5ceayt): (8.34)

Remark 8.3.6. By working with the convolution local Hecke stack instead of Hecq ., we
also obtain an isomorphism of endomorphisms

T(hl * h2) =~ T(hl) o T(hQ), (835)

for any hy, hy € Fun, ¢(G(0,)\G,/G(0,)). Furthermore, T carries the unit for the convo-
lution product to the identity endomorphism.

Note that we certainly expect (8.34) to lift to a morphism of E;-monoids, but we will not
supply the construction. (We only need that T induces a morphism of associative algebras
after taking H® of H;, .1, V(%zy1» Which is guaranteed by (8.35).)

8.4. Partial Frobenius-equivariance.

8.4.1. Given n finite sets I,---, I, (n > 0) with I:= T, u---ul,, we may consider the par-
tial Frobenius endomorphism Fy, := Fryu; xidgra, of X! (for j = 1,---,n). Note that the
composition F, oo Fy equals Fry:. Let V be an object of Rep(IT}; "Hg, ).

In this subsection, we shall equip the corresponding cohomology of Shtukas (8.20) with
an Fr, -equivariance structure, in the sense of an isomorphism

(Fr,)"Hiy ety v 2 Hiy o1, 10,V (8.36)

such that its n-fold composition

(Frea) Hyy oq, v 2 (Fr,) oo (Fr )"y, o1, v
~ (Fp,) oo (Fry, ) My, opy v 2 e 2 Hyy o, v (8.37)

is induced from the isomorphism (Frg;)* ~id on the étale site of X!
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8.4.2. To construct (8.36), we consider the morphism
Fi, : Shtd ™ — Shté ™,
lifting the corresponding partial Frobenius endomorphism of )Q(I, sending an R-point
(P°,0%) = (P, 91) % - % (TPY,7¢") (8.38)
to the R-point
(Pl ¢1) L2 In (TPO T¢0) T%l (TP1 T¢1).
By definition, we have a commutative square
O R §
Shtd ™ =TT}, Heca 1,
lFIl lFrHCCG’Il xid (8.39)
ITry
ShtIéJD’Il 47 H?:l HGCGJj

where the horizontal morphisms are restrictions to the formal disks.
It remains to construct, for an n-tuple V; € Rep(LHXIj ), an isomorphism

(F1,)" @(r)*81,v; = Q(r5)" 81, v, (8.40)
j=1 j=1

of (untwisted) perverse sheaves over ShtIGf:b' ’I", compatibly with the =Z-equivariance structure
(¢f. §8.2.6). Indeed, we then obtain (8.36) for V := ?:1 V; by taking compactly supported
direct image of (8.40) along VIE“"’I” (using the remark on base change in [Lafl8, §4.3]) and
the case for general V by the universal property.

8.4.3 Construction of (8.40). Since (Fryecq,, )* acts as the identity on the étale site of
Hecg 1,, we have a canonical isomorphism

(]:?IAHE‘CG,I1 )*811,\/1 = Sll,Vl (841)

with respect to the canonical isomorphism (7.15) for the local A-gerbe over Hecg 1, -

The isomorphism (8.40) is obtained as the tensor product of the pullback of (8.41) along
r1 with the identity on (r;)*8y, v, for j =2,---,n, using the commutativity of (8.39).

For this procedure to yield an isomorphism of untwisted perverse sheaves, the following
compatibility of the trivializations of A-gerbes is required: Along the isomorphisms

(F1,)" 20 (r3) Stteecs, = (1) (Frhece 1, ) Steca, + D, (15)  SHecq s,
j=1 j=2

~

M=

(Tj)*SHCCG,Ij (842)
1

J
supplied by (8.39) and (7.15) (for Ggecq,, ), the trivialization of Z?zl(rj)*SHechlj con-
structed in §8.2.6 corresponds to its own pullback by Fr,. However, the two sides of (8.42)
evaluate at an R-point (8.38) of Shtg:g 7 to the same telescopic sum (cf. the proof of Lemma
7.1.11), where both trivializations are induced from (7.15) for Gpung p-

The fact that the n-fold composition (8.37) is the canonical Fryr-equivariance structure
on Hy, ...1,,v follows immediately from the construction.

tn
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Remark 8.4.4. Using (8.21), we may write (8.36) as an isomorphism
o, (Fr) " Hyv = Hyy. (8.43)

By the compatibility between the construction of (8.36) with outer convolution product
(along Is,-++,1,,), the isomorphism (8.43) depends only on I; as a subset of I, and not on the
partition of I\ Ij into Iy, -, I,.

Likewise, for two disjoint subsets I1, Iy of I, there is a commutative diagram

* * (F )* *
(F1,)* (Fr,)* My~ (Fr,)* Hry

! I~

Pryuly

(Fr,un,) My ——— Hiy

8.4.5. Let us now specialize to the case where Iy, I, are all singletons, so I ~ {1, n}.
We write F; for the partial Frobenius endomorphism F;, of X!

We write (Ind D(X'))F1"Fr for the category of objects A € Ind D(X") equipped with n
isomorphisms (F;)*A ~ A, which pairwise commute (in the evident sense) and such that
their composite

(Fry) A = (F,)* 00 (F1)"A
w (Fp)* oo (Fo) An oA

is the canonical Fry;-equivariance on A.
The construction of §8.4.1 (¢f. Remark 8.4.4) thus furnishes a functor:

Rep((“Hy)") » (Ind D(X"))F-F (8.44)
Ve Hyv with o1y, 90y

Furthermore, (8.44) is natural in I (¢f. [Lafl8, Proposition 4.12, Proposition 4.14]). The
isomorphisms @1y, @,y are the partial Frobenius-equivariance structures on Hj v .

Remark 8.4.6. It follows immediately from the construction that the partial Frobenius-
equivariance structures on Hjy commute with Hecke operators (cf. §8.3.5).

Remark 8.4.7. Given a subset J c I and a J-tuple of closed points {z;}e; of X, we have
the restriction functor

(Ind D(X"))Fr-Fn o (Ind D(XM x 27 ))FrmFn (8.45)

where the target denotes the category of objects of Ind D()O(I\J x x7) equipped with partial
Frobenius-equivariance defined as in §8.4.5. The composition of (8.44) and (8.45) canonically
factors through a functor
Rep((“H)"™ x [T"H,,) - (Ind D(X™ x &) (3.46)
jeJ

where each Lsz is the unramified local L-group at z; (cf. §7.3.16).

To see this, we repeat the construction of (8.44), with the paws of the Shtukas restricted
to X x 27, and use the local form of the Satake equivalence (cf. §7.3.16).

Note that the family of functors (8.46) is natural with respect to maps of inclusions of
finite sets (J; cI;) » (Jo c Ip).
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8.5. Excursion operators.

8.5.1. In this subsection, we summarize Lafforgue’s construction of the spectral decompo-
sition of cusp forms, taking as input the family of functors (8.44). This corresponds to the
material [Lafl8, §6-11 and §12.3].

We shall start with the construction of the operators Sy, (cf. [Lafl8, §12.3.3]). Namely,
for any finite set I and W e Rep((“Hg)'), we shall construct an endomorphism on the
cohomology of Shtukas

Sv,e: Hiw — Hiw (8.47)
in Ind D()o(l)7 associated to any closed point z € X and any V e Rep(*H,), where “H, is the
unramified local L-group at = (cf. §7.3.16).

8.5.2 Construction of (8.47). By naturality of (8.44) with respect to the inclusion of finite
sets I - Tu {1}, we obtain an isomorphism (“insertion of vacuum”):

G{I,W|>°<Ix5‘< = HIU{I},Wl (8.48)

where 1 denotes the trivial representation of LHX.

Let us restrict (8.48) along the inclusion XIxz - XIxX. We may express Hy i1y weilkiy,
as the image of W& 1 € Rep((“Hy)" x H,) under (8.46). Applying the naturality of the
latter with respect to the map of inclusions of finite sets

(1,2} ¢ Tu{1,2}

lf lidluf

{1} < Tu{1}
with f(1) = f(2) = 1, we may identify Hi g1y, weilgi, With j'flu{l,z},wmb"(le(x)a where 1
now means the trivial representation of (“H,){1:2}. Tn other words, the restriction of (8.48)
to X! x x yields an isomorphism

How g = Faug2y, watlgia ) (8.49)
Consider now the composition

unit
XIxA(z) %IU{112}7W@VV*|5{IXA($)

Hiwlgie, = Hivgr,2),we

(pdcgz

{1} counit
— Huwgr,2), wavevs |>"<IxA(m) - j{lu{l,Z},Wﬂf{IxA(x) ~ Hywlki,,, (8:50)
where unit, counit denote the morphisms induced by functoriality of (8.46) with respect to
the unit 1 -— V® V¥, respectively counit V& V* — 1, the first and last isomorphisms are
(8.49), and the endomorphism @({1;? is the (degx)-fold iteration of the partial Frobenius
equivariance structure along the factor corresponding to {1}. (Here, degx := [k, : k], where
ke is the residue field of z.)

The composition (8.50) respects partial Frobenius equivariance along the z-factor, so it

descends to an endomorphism of H; v, giving the desired operator Sy ;.

Remark 8.5.3. In the construction of (8.47), we may also replace W by a representation of
a product of global and local L-groups, as follows: Given a subset J c I, a J-tuple of closed
points {z;}jes of X, and W € Rep((“Hy )™ x [T;; “H,, ), we have an endomorphism

Sv,e: Hiw = Hiw (8.51)
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in Ind D(X™ x #7), associated to any z € X and V € Rep(VH,).
The construction of (8.51) is completely parallel to that of (8.47), except that we use the
local form of the cohomology of Shtukas (8.46) also along .

8.5.4. As in [Lafl8, Proposition 6.2], the endomorphism Sy , extends the Hecke operator
hvy . on the restriction of Hyw to (X~ z)! (cf. §7.3.15, §8.3.5).

Proposition 8.5.5 (“S =T7). Given a finite set1 and W € Rep((“Hy)"), as well as a closed

point x € X and V e Rep(YH,), there is a canonical isomorphism
Sv,e = T(hv.2) (8.52)

of endomorphisms of :HLW|(>°(\1)I'

8.5.6 Cohomological correspondences. In the untwisted setting (cf. [Lafl8, §6.3]), the iso-
morphism (8.52) is obtained from an identification of “cohomological correspondences” from
the coefficient sheaf Fyw over ShtaD to itself (c¢f. §8.2.10). The twisted setting is similar,
except that we need an appropriate notion of “cohomological correspondences.”

Let (Xq,91), (X2,G2) be algebraic k-stacks equipped with A-gerbes. Given objects A; €
Dg, ¢(X1), Az € Dg, ¢(X2), a cohomological correspondence

(X1,51,A1) = (X2, 52, A2)

consists of a span of the following data

— —

(1) a span of algebraic k-stacks X4 £ X5 Xy, where 7 is schematic, separated, and of
finite type (so 7" is well-defined, ¢f. Remark B.1.4);
(2) an isomorphism of A-gerbes 7 : TG ~ %Gy
(3) a morphism in Dg ¢(X), where § is the A-gerbe 7*Gy ~ %G, identified via ~:
T AL - T Ay,

Compositions of cohomological correspondences are defined as in [Lafl8, §4.1], the only
modification being that one composes the pullbacks of the isomorphisms of the A-gerbes
over the fiber product of algebraic k-stacks.

Example 8.5.7. Let Y be a separated k-scheme of finite type equipped with an A-gerbe G.
For any A € Dg ¢(Y), we have composable cohomological correspondences

(Speck,0,Qy) ~ (Y x Y, G 8 (-5), A= DA)
> (Y xY,58(-5), A DA) > (Speck, 0, Q). (8.53)

Here, 0 denotes the trivial A-gerbe over Speck and D is the Verdier duality over Y relative
to k (c¢f. §B.1.10). The spans supporting them are represented in the following diagram

YxY

SN SN N, e

Speck Y xY Y xY Speck

The identifications of A-gerbes are given by the canonical trivialization of A*(G&@(-9)), as
well as the isomorphism (Fry,id)* (& (-9)) ~ §@(-9) supplied by (7.16). The morphisms
on constructible complexes are given by the unit of Verdier duality, the identity on ARDA,
and the co-unit of Verdier duality, respectively.
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Composing the spans (8.54), we obtain the span Y from Speck to itself. The compo-
sition of isomorphisms of A-gerbes yields an automorphism of the trivial A-gerbe over Y:
By construction, this is the A-torsor —Tr(Fr | G) (cf. §7.2.4). With respect to this auto-
morphism, the composition of the morphisms of constructible complexes yields a (-genuine
function on Tr(Fr | §)(k), which equals Tr(Fr|.A) (cf. §7.2.8).

8.5.8. Let us return to the context of Proposition 8.5.5. Our goal is to reformulate the
isomorphism (8.52) in terms of cohomological correspondences.

We begin with the endomorphism T(hv ). Recall the stack Hecm(ShtIGD) of Hecke
modifcations of ShtévD at x (cf. §8.3.5). Viewed as a span, Hecx(ShtIGVD) supports a coho-
mological correspondence

(ShtIG’D7 0, SFI,W) - (ShtIG’D, O, ?Lw),

where the isomorphism of the A-gerbes is given by r* (= Tr(Fr | Spec)) and the morphism of
constructible complexes is given by (8.33), which we may rewrite as

P Iwe® T*(LTr(FdSHECG),()@_l - qFLw. (8.55)

The element hy , may be viewed as a global section of (LTr(FrISHecG )’<)®—1 over Hecg ,(k),

so by evaluating (8.55) on hy , along its second factor, we obtain a morphism
T(hva):p*Frw = ¢ Frw. (8.56)
The morphism (8.56) gives rise to T(hy ;) by adjunction and compactly supported co-

homology along yadn

8.5.9. As for Sy ;, we shall consider the spans defined in [Lafl8, §6.3]:

{1} .{2}.1
Shtgp " Tkixa ()

Yy 9,
2 R
1, s s Nt
Shtg p x @ Shtc{,%} {1}|>"<IXA(I) Shté;l,}D{z} [Ktxa () Shtg,p x @

(8.57)
Here, Yy is the closed substack of Shté{%}’{l}&le(z) consisting of R-points

(P,6%) % (P1,61) & (P2, %) £ (TP, 7¢)

where the composition of the two last modifications extends to an isomorphism (P!, ¢!) ~
("PY,7¢") of R-points of Bung p. The closed substack Y, of Shtggm}’l&lx“w is similarly
defined. The morphism Fc{lﬁm is the (degz)-fold iteration of the lift of the partial Frobenius
endomorphism along {1} (cf. §8.4.2).18

According to [Lafl8, Lemme 6.10], the composition of the spans (8.57) is canonically
isomorphic to Hech(ShtIG)D) x x, i.e. we have a canonical isomorphism

; smgf;}fw&w ShtS 5 e o smggmﬁ&wz) Y, ~ Hee,(Shtg; p) x @, (8.58)

where the structural morphisms p, ¢ correspond to the projection onto Yy followed by py,
respectively the projection onto Y,, followed by p,.

18The formation of F({if%x requires a re-ordering of {1}, {2},1; see [Lafl8, §6.3(c)] for details.
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8.5.10. Let us now invoke the A-gerbes Gspt, ;, over the various moduli stacks of Shtukas,
temporarily ignoring their canonical trivializations (cf. §8.2.4). Note that we have a canonical
identification of A-gerbes

()" Gsner, , = (in)*gsmg{%},m (8.59)

arising from the multiplicative structure on Spec, (¢f. Lemma 1.1.14).
We shall extend (8.59) to a cohomological correspondence supported on Y;:

(ShtIGVD X, Gshig p B0, T w) — (Shtlc’;%}’{l}\glm(z), Gshte ps 12}, {1}.waveey).  (8.60)

Indeed, what remains to be constructed is a morphism of constructible complexes over Yy
twisted by the A-gerbes (8.59):

(py) Fw — (iu)!gl,{Q},{l},WV*V~ (8.61)
The morphism (8.61) is the pullback of the unit morphism in the Satake category (cf. Propo-
sition 1.6.4). To be more precise, we consider the Cartesian square

i 1,{2},{1
Yy “ ? ShthD}{ }|>“<IxA(z)

l(rlw{z}) l(rl,r&}’{l}) (8.62)

id,s
Hecg,1 x Hecg M Hecg 1 x Hecgi’{l}

where the vertical arrows are the products of restriction maps (cf. §8.2.6) and & sends P? ~ P!
to the concatenation with its own inverse P® £ P! £ PY. The unit morphism of the Satake
category (1.58) (applied to the objects 8y, 8y« € Satg ¢ (Hecg ) corresponding to V and V*)
yields a morphism in D(Hecg ,):

Q, > 0 (pjnSv+ ®pj1)Sv). (8.63)

where pray, pr1) are the projections onto the first, respectively the second modification. The
desired morphism (8.61) is the pullback along (r',7{?}) of the external tensor product of
(8.63) with the identity on 81w € Satg ¢(Hecg,1). Here, we use the base change property
for *- and !-pullbacks along (8.62), which holds by smoothness after passing to an ind-pro-
presentation of the local Hecke stacks (c¢f. Remark 8.2.7).

Let us now invoke the canonical trivialization of Ggnie , (¢f §8.2.4). It is compatible with
(8.59) in the following sense: After trivializing both QShtgyD and SShtg{%},{l}, the isomorphism

(8.59) becomes the identity automorphism of the trivial A-gerbe. In particular, we may
view (8.61) as a morphism of untwisted constructible complexes over Yy, and thus (8.60) as
a cohomological correspondence in the usual sense:

(Shtg p x 2,0, F1.w) = (Shtg D i a ey 0 T g2). (1) wanv-av ) (8.64)

which gives rise to the morphism labeled “unit” in (8.50).
Dually, we have the cohomological correspondence supported on Y,:

(Shtél,%{Q}’I|gle(z),0,?{1},{2},1,\/v*gw) - (Shté,D xx,0,1w), (8.65)

which gives rise to teh morphism “counit” in (8.50).
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8.5.11. Finally, we have the cohomological correspondence from the target of (8.64) to the
{1}.{2}.1

source of (8.65), supported on Shtg, 13 |>°(IxA(z):
(Shté%}’{lﬂklxmz)vOagl,{Z},{l},va*mv) - (Shtél,%{2}’I|XIxA(z),03{1},{2},1,\/v*w)
(8.66)
defined by the F?l}—equivariance of F(1y, (21, ,vevraw (cf §8.4.2).
The composition of the three cohomological correspondences (8.64), (8.66), (8.65) then
corresponds to a morphism of (untwisted) constructible complexes over Hecx(ShtIGD):

Sve " TLw = ¢ Trw, (8.67)
which gives rise to Sy, by adjunction and compactly supported cohomology.
Remark 8.5.12. Let us point out an aspect of the construction of (8.67) which may cause

confusion. Indeed, (8.67) invokes the composition of three identifications of A-gerbes, after
pulling back to Hecm(ShthyD) x z along (8.58):

* N
(py) 9Sht1(;7D ~ (i) gsmg%}»{”’
d
(F{ffw)*gshtg%},{l} = 9Shtély}D,{2},I,
(ib)*gshtg’}r’){z}’l = (pb)*gshtIGYDa

where the first isomorphism is (8.59), the third isomorphism is similarly defined, and the
second isomorphism comes from the (F?ifz)*—equivariance (cf. §8.4.3).

Their composition yields an isomorphism of A-gerbes
P*gshtlc’D = q*SShtIG’D' (8.68)

This isomorphism is different from the canonical isomorphism (8.26) defined over (X~z)'xz.
Indeed, under the canonical trivialization of Ggyr (cf. §8.2.4), (8.68) corresponds to the

identity automorphism of the trivial A-gerbe while (8.26) corresponds to the multiplication
by the pullback of — Tr(Fr | Gnec ) (¢f- Lemma 8.3.4).

8.5.13. With the above constructions in place, we may prove Proposition 8.5.5 by repeating
the proof of [Lafl8, Proposition 6.2].

Proof of Proposition 8.5.5. It suffices to identify the morphisms of (untwisted) constructible
complexes (8.56), (8.67) over Hecx(ShtaD):

Sve = T(hv.a), (8.69)

as it will give rise to (8.52) by taking compactly supported cohomology.

The isomorphism (8.69) is our version of [Lafl8, Lemme 6.11], and is proved in the same
way.'® Namely, we may reduce this assertion to the “vacuum case” I = @ and W = 1 by
rewriting the construction of (8.67) in terms local to = (cf. [Lafl8, §6.4]). For the vacuum
case, we argue as in the proof of [Laf18, Lemme 6.13], reducing to the fact that the morphism
(8.61), which here is a morphism

Q,~ (in)!gj{Q},{l},V*V

19However7 for the reason mentioned in Remark 8.5.12, it is not formulated as an identification of coho-
mological correspondences.
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of (untwisted) constructible complexes over Yt is uniquely determined by its restriction to
the smooth locus of Yt (cf. [Lafl8, Lemme 6.15]). O

8.5.14. Next, we turn to the Eichler—-Shimura relation for the partial Frobenius-equivariance
structure on the cohomology of Shtukas.

More precisely, let I, W be as in §8.5.1, = be a closed point of )o(, and V € Rep(VH,). Con-
sider the object Hy (0} wev of Ind D()o(I xx) equipped with its partial Frobenius-equivariance
structure ooy along the z-factors (cf. Remark §8.4.7). Since F({ig’fw is the identity on X! x z,
we may view goc{igfm as an endomorphism

@?sz s Hisgoy,wev = Hiugoy, wav- (8.70)

The Eicher—Shimura relation is a polynomial equation satisfied by (8.70) with coefficients
in the operators Spaimv-xy , (in its local form (8.51) for the inclusion {0} c Tu {0}).
Proposition 8.5.15 (The Eichler-Shimura relation). There is an isomorphism of endo-
morphisms of Hy, oy, wev -
dimV

1;0 (=1)*S pasmvr vz 0 (955 )" 2 0. (8.71)
Proof. This follows formally from the proof of [Lafl8, Proposition 7.1]. O

8.5.16 Hecke-finiteness. Next, we shall focus on the degree-0 part of the cohomology of
Shtukas, i.e. the ind-constructible sheaf

H)y = HHyyv € Ind D(X')?

naturally associated to any finite set I and V € Rep(LHX). Recall that J—C%’l is canonically
identified with the vector space of {-genuine automorphic forms (cf. §8.2.12).

Let 77 be a geometric point of X! lying over the generic point of each factor. We shall call
an element of g{?,v|ﬁ Hecke-finite if it belongs to a finite-dimensional Q,-vector space which

is stable under actions of the spherical Hecke algebra at any x € X (cf. §8.3.5). Write
(g{?,v|ﬁ)Hf c Gf?,v|ﬁ

for the space of Hecke-finite elements.
As in [Lafl8, Proposition 8.23], we identify Hecke-finite elements of J—C%,l with cuspidal
(-genuine automorphic forms.

Proposition 8.5.17. An element of 9{%,1 is Hecke-finite if and only if the corresponding
C-genuine automorphic form is cuspidal.

Proof. The fact that cusp forms are Hecke-finite follows from Lemma 7.3.13. For the opposite
containment, one applies the proof of [Laf18, Lemma 8.25] to each summand in (7.34). O

8.5.18. For any finite set I, we write 7 for the generic point of X!. Choose a geometric
point 7; lying over 7, together with a lift of 7; - X! to the Henselian local ring of X! along
A(7) (called a specialization map sp : 7 ~ A(7})).

As in [Lafl8, Proposition 8.27] (whose proof uses the “S = T” identity and the Eichler—
Shimura relation, for which we have the substitutes Proposition 8.5.5, Proposition 8.5.15),
we have a presentation

(H?,V|ﬁI)Hf = LkJMk
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where each My, is a finite-dimensional Q,-vector space on which the 7$(nr, 71 )-action factors
through 7$t(n,7)! via the partial Frobenius-equivariance structure. Likewise, by [Lafl8,
Corollaire 8.34], the specialization map induces an isomorphism

s+ (v lam)™ = (G vla)™. (8.72)
Remark 8.5.19. Xue’s work [Xue20] yields a stronger result: The ind-constructible sheaf
f}Cﬁ v = H*3 v is ind-lisse for any k € Z. Indeed, this is established in the untwisted setting
in [Xue20, Theorem 4.2.3], but the argument is general: It uses the family of functors (8.46),
the “S =T” identity, and the Eichler—Shimura relation.
In particular, we may realize (8.72) as the Hecke-finite part of the isomorphism
sp* : HY vlaa) = Ho vl (8.73)
although (8.73) (for arbitrary degree k € Z) is established as a step in the proof that J—Cﬁv
is ind-lisse (cf. [Xue20, Proposition 1.4.3]).

8.5.20. We are now ready to construct the spectral decomposition of (-genuine cusp forms
(8.4) by repeating [Lafl8, §12.3.4].

Proof of Theorem 8.1.6. For each finite set I and V € Rep((LH;{)I), we denote by Hyy the
left-hand-side of (8.72), equipped with the continuous Gal(F/F)!-action induced from the
right-hand-side. This defines a family of functors
Rep(("Hg)') — Rep(Gal(F/F)"), (8.74)
Vi HI,Va

natural in I, together with a canonical identification (cf. Proposition 8.5.17)

H@ﬁl o Funcusp7g(§1\ﬁlg,D/E,Qe). (875)

Note that the naturality of (8.74) in I implies that Hj ;1 is the vector space (8.75) equipped
with the trivial Gal(F/F)!-action.

Given z € V and &£ € V* which are Hz-invariant under the diagonal action, and an I-tuple
7! e Gal(F/F)!, we obtain an endomorphism S1,v,z,e,41 of Hygy 1 as the composition

Hyoy1 > Hyoy vis = Hyop,v * Hry

' J
— Hiv = Hyoy,v = Hyoy,vyr, = Hyop1-

where the isomorphisms are induced from the naturality of (8.74) with respect to the con-
stant map I - {0}, and V"7 (respectively Vy,) denotes the space of Hy-invariants (respec-
tively, Hp-coinvariants) of V with respect to the diagonal action.

Under the identification of Hygy y with (8.75), we may view each Sy y , ¢ 41 as an endomor-
phisms of Funcusp)g(gﬁﬁgp/E,Qe). The proof of [Lafl8, Lemme 10.6] shows that Sy , ¢ 1
depends only on I, 4!, and the function

Hy\("Hg)'/H, - Qq (8.76)
W' (€, h! ),
so one may define Sy s .1, for any locally constant Hg-bi-invariant function f on LHX, to be

S1,v,z,¢,41 for any V, z, £ whose induced function (8.76) equals f. We refer to Sy s ,1 as the
excursion operator associated to I, f, and 4!. They form a mutually commuting family of
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endomorphisms of Funcusp’c(]’gaflgp /Z,Q,), commuting with the Hecke operators at each
z € X (c¢f. [Lafl8, Lemme 10.1, Lemme 10.2]). Furthermore, St st depends only on the
image of 4! in wft()m(,ﬁ)l (¢f. [Lafl8, Proposition 10.10]).

Denote by B the subalgebra of End Fun,sp ¢ (Bung p/Z, Q,) generated by the excursion
operators. It follows from Lemma 7.3.13 that B is Artinian. Consider the decomposition of
(8.75) into generalized B-eigenspaces:

Funeysp ¢ (Bung,n/Z, Q) = @ Hop,y (8.77)
X:CB_’QZ
The desired decomposition (8.4) is defined by coarsening (8.77), using a map x ~ [o]
from the set of characters of B to the set of L-parameters obtained from invariant theory.
Namely, assigning the function 7! + St,,41 to f defines a map

CO(Hz\("Hg)'/H5, Q) » CO(xf' (X, 7)", B) (8.78)

where B is endowed with the f-adic topology. Thus, any character x : B - Q, determines a

continuous pseudo-representation of 7 (X, 77) with values in LH;, by composition with (8.78)

(¢f. [Lafl8, Définition-Proposition 11.3]), which corresponds to a semisimple L-parameter
[o] by [Lafl8, Proposition 11.7].

The L-parameters arising this way are defined over finite extensions of Qy. The Hecke

eigen-property of Hp [, follows from the generalized eigen-property of Hp , with respect
to B and the fact that Hecke operators are diagonalizable (¢f. [Lafl8, Remarque 11.6]). O

Remark 8.5.21. At least for split G, one can use [Xue20] to streamline the proof of Theorem

8.1.6 as follows. We define the cuspidal subsheaf 9—[?’\,7“813 c iHRV as in [Xue20, Definition
7.0.3]. Then by [Xue20, Proposition 7.0.5] (¢f. Remark 8.5.19), H}y .., 15 a lisse Q,-sheaf

over X', By [Xue20, Proposition 1.3.4], its 75" (X", 7 )-action factors through =¢*(X,7)!, so
by taking fibers at 7', we obtain a family of functors

Rep((“Hy)") » Rep(rS (X, 7)), (8.79)
Vi HI,V = }C?,V,Cusp

natural in I. The analogue of (8.75) is now tautological. The rest of the proof of Theorem
8.1.6 proceeds as in §8.5.20.

|’7717
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Part 3. Appendices
APPENDIX A. TWISTING co-CATEGORIES

The goal of this section is to define twisted sections of a sheaf of co-categories, which is
used both for the definition of twisted ¢-adic constructible complexes (¢f. §B.1.3) and for
twisting the category of H-representations (cf. §2.2).

The material of §A.1 is similar to [GL18, §1.7], but we supply more details than loc.cit. on
matters concerning homotopy coherence.

A.1. Construction.

A.1.1. Let X be a site. Let e be a ring and Perf, be the co-category of perfect complexes of
e-modules. Let € be a sheaf of (small) Karoubi Perf-module categories over X.

Write X for the co-category of Spc-valued sheaves over X. Write €* for the group of units
of e and B%e* its double deloop as an object of X.

In this subsection, we shall explain that given a morphism G : z — B%e* in X, we obtain
a sheaf Cg of Perfe-module categories over the slice site X/, functorial in (x,3). Objects of
its global section I'(x, Cg) are called G-twisted sections of C over x.

Remark A.1.2. Informally, an object of I'(x, Cg) is a compatible family of objects ¢, -, €
['(a, €) for every a € X/, equipped with a neutralization 7, of the restriction g, € I'(a, Bzex)
of G, such that for any two neutralizations 7., 7. related by 7, ~ 7, -, for some £, € */e*
(which always exists locally on a), there is an isomorphism

Ca,rl = Cayr, ® Ly,
where ¢, is viewed as a free e-module of rank 1.
A.1.3. In order to construct Cg, we need to explain how to glue sheaves in a homotopy-
coherent manner. This involves a bit of formalism.

Let O be an oco-category admitting limits. Denote by Shv(X,0) the oco-category of O-
valued sheaves over X (¢f. [Lurl8, Definition 1.3.1.1]). Tautologically, we have

X ~ Shv(X, Spc).
Given an oo-topos Y, we write Shv(Y,0) for the oco-category of O-valued sheaves over Y,

i.e. limit-preserving functors Y°? — 0. By [Lurl8, Proposition 1.3.1.7], restriction along the
sheafification of the Yoneda embedding determines an equivalence of co-categories:

Shv(X,0) ~Shv(X, 0).

Note that if O is presentable, then Shv(X, ) is canonically identified with the Lurie tensor
product X ® O (¢f. [Lurl7, Proposition 4.8.1.17]).

A.1.4. Denote by Pr (respectively, PrR) the oo-category of presentable oco-categories with
colimit-preserving functors (respectively, limit-preserving functors).
Given a presentable oco-category O, we shall construct a functor

Shv(X(y,0) : X°P - Pr™, (A.1)

which assigns to z € X°P the oo-category Shv(X/,,0).
Indeed, the co-Cartesian fibration evy : Fun(A',X) - X defines a functor

X —Pr, 2 X, (A.2)
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Its composition with the endofunctor () ® O of Pr yields a functor
X - Prt,  z0X, ®0 = Shv(X,,0) (A.3)

The functor (A.1) is defined to be the opposite of (A.3), using the canonical equivalence
(PrYoP ~ PeR (¢f. [Lur09, Corollary 5.5.3.4]).

The following assertion can be viewed as a precise version of the statement that the oco-
category of sheaves itself satisfies gluing. Its proof is contained in [Lurl8, Remark 2.1.0.5],
but we reproduce the argument for the reader’s conveninence.

Lemma A.1.5. The functor (A.1) preserves limits.

Proof. Tt suffices to show that (A.3) preserves colimits. Since the endofunctor (-)® O of Pr"
preserves colimits, it is enough to prove that (A.2) preserves colimits. Passing again to the
opposite oo-categories, we obtain the functor

XP - Ptz Xz (A4)

classifying evy : Fun(A', X) - X as a Cartesian fibration.
Since limits in Pr* and Pr' are both computed by limits in Cat, the fact that (A4)
preserves limits follows from [Lur09, Theorem 6.1.3.9]. O

A.1.6. We now specialize to the case O := Perf-Mod, the co-category of (small) Karoubi
Perf.-module oo-categories.

Given a Perf.-Mod-valued sheaf € on X, we obtain a Perf.-Mod-valued sheaf over the
co-topos X (¢f. §A.1.3), and consequently a morphism in Shv(X, Pri):

€% — Shv(X/(.y, Perfe-Mod). (A.5)

Here, the target is an object of Shv(X, Pr') thanks to Lemma A.1.5. Let us view (A.5) as
a morphism in Shv(X, Cat) via the forgetful functor Pri > Cat.

Proposition A.1.7. The morphism (A.5) canonically extends to
€:B% - Shv(X(,, Perfe-Mod) (A.6)
as a morphism in Shv(X, Cat).

A.1.8. In order to construct the extension (A.6), we note that Perf, admits a commutative
algebra structure. Consequently, the oo-category Perf.-Mod admits a symmetric monoidal
structure, given by Lurie tensor product of the ind-completed oo-categories.?’

The tensor product functor on Perf.-Mod gives rise to a functor

Perfe-Mod — End(Perfe-Mod), M~ (+) ®perr. M

by adjunction. It sends Perfe to idperf,-mod- By taking endomorphisms, we obtain a monoidal
morphism
Perfe — End(idpes,-Mod). (A7)

Remark A.1.9. The Ez-monoidal structure on Perf, suffices for the construction of (A.7).
However, the associative algebra structure does not suffice: Informally, (A.7) sends A «
Perf. to the compatible family of endomorphisms of M, for each M € Perfe-Mod, given by
multiplication by A, which is only Perfe-linear by its Es-monoidal structure.

20The functor of ind-completion realizes Perfe-Mod as the co-category of e-linear presentable co-categories
with functors preserving colimits and compact objects.
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A.1.10. We are now ready to construct the morphism (A.6).
Proof of Proposition A.1.7. Since B*¢* is the constant sheaf associated to the double deloop
K(e*,2) in the oo-category Spc, it suffices to construct a morphism in Cat
K(e*,2) - Shv(X, Perfe-Mod) (A.8)
sending the neutral point to C.
The pointed morphism (A.8) is equivalent to a monoidal morphism */e* - End(€), where

the endomorphism monoid is computed in the co-category Fun(X°P, Perf.-Mod). The desired
monoidal morphism is given by the composition

+/e* c Perfe > End(idper, -Mod) = End(€),

where */e* is identified as the full subcategory of Perfe spanned by e, the middle morphism
is (A.7), while the last morphism is defined by the functor

(+) o € : End(Perfe-Mod) — Fun(X°P, Perf.-Mod)
by evaluating on the endomorphisms of the object idperf,-Mod- O

A.1.11 Construction of Cg. Let us now fix z € X and a morphism §:z — B?eX. Having
(A.6) at our disposal, we define Cg to be the image of § under (A.6):

Cg:=T(,€)(9)
By construction, Cg is an object of Shv(X/,, Perfe-Mod). We obtain a sheaf on the slice
site X/, by restriction along the sheafification of the Yoneda embedding (cf. §A.1.3).
A.2. Monoidality.

A.2.1. We shall now introduce a variant of the twisting construction for sheaves of symmetric
monoidal categories, needed for the definition of “twisted H-representations” (cf. §2.2).
Let X be an co-topos and = € X. Then Shv(X,,, Perf.-Mod) inherits a symmetric monoidal
structure from that of Perfe-Mod, functorially in .
The construction §,C — Cg (cf. §A.1.11) may be regarded as a functor

I'(z,B%e*) x Shv(X, Perfe-Mod) — Shv(X,,, Perf-Mod). (A.9)
Lemma A.2.2. The functor (A.9) is naturally symmetric monoidal.
Proof. By construction, (A.9) is induced via descent from the functor
K(e*,2) x Perfe-Mod — Perfe-Mod (A.10)

adjoint to the deloop of x/e* c Perfe - End(idperf,-mod) (cf- §A.1.10). It suffices to endow
(A.10) with the structure of a symmetric monoidal functor.
However, (A.10) is identified with the composition

K(e*,2) x Perf.-Mod
- Perf.-Mod x Perfo-Mod 2 Perf.-Mod,

where both functors are symmetric monoidal. For the second functor, we have invoked the
fact that the multiplication map of any commutative algebra in a symmetric monoidal oo-
category naturally lifts to a map of commutative algebras, which is a consequence of [Lurl?,
Proposition 3.2.4.7]. O
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Remark A.2.3. Informally, the symmetric monoidal structure on (A.9) yields a canonical
isomorphism of Perf.-Mod-valued sheaves over X ,:

(€1)g, ® (C2)g, = (C1®C2)g,+5, (A.11)

for any Perfe-Mod-valued sheaves €1, Co over X and A-gerbes G1, G2 over z (i.e. morphisms
T - BZeX), together with homotopy coherence.

A.2.4. Let = be a commutative monoid, whose binary operation is written additively.
By a Z-graded sheaf of e-linear symmetric monoidal co-categories over X, we shall mean
a (right) lax symmetric monoidal functor (¢f. [Lurl7, §2.1.3]):

@=: 2 - Shv(X, Perf-Mod), €~ C°.
Such functors form an oco-category which we denote by ShvE’®(f)C, Perfe-Mod).
Remark A.2.5. Informally, the lax symmetric monoidal structure supplies morphisms
1: Perf, » €Y
®: € @ Lt — et

together with homotopy coherence.

Note that for = ~ 0 the trivial commutative monoid, an object of Shv*® (X, Perf.-Mod) is
precisely a sheaf of e-linear symmetric monoidal categories over X, with 1 given by its unit
and ® given by its monoidal product.

A.2.6. Restriction along = — 0 yields a functor
Shv®® (X, Perf.-Mod) — Shv=® (X, Perf.-Mod),

which admits a left adjoint LKE® (¢f. [AGK*20, Theorem B.1.3], which is a special case of
[Lurl?, Corollary 3.1.3.5]).

Furthermore, the underlying Perf.-valued sheaf over X of LKE®(C%Z) is computed by

LKE®(C=) ~ P ¢°,
fe=

where @ is the colimit in Shv(X, Perfe-Mod). Thus, any Z-graded sheaf of e-linear symmetric
monoidal categories has an associated sheaf of e-linear symmetric monoidal categories, by
taking sum over its graded components.

For our purposes, it is convenient to view the datum of €= as additional structure on the
sheaf of e-linear symmetric monoidal categories € := LKE®(C®), and simply refer to C as a
=-graded sheaf of e-linear symmetric monoidal co-categories.

A.2.7 Symmetric monoidal twists. Let X be an oco-topos with x € X. We shall consider a
variant of §A.1.11 which takes symmetric monoidal structures into account.
Our input is a triple (£, €=, v), where
(1) Eis a commutative monoid;
(2) C= is a E-graded sheaf of e-linear symmetric monoidal co-categories over X;
(3) v:E - B** is a symmetric monoidal morphism over Xz
We define the =-graded sheaf of e-linear symmetric monoidal co-categories €= over X/
as the composition of
(v,C%) : E - I'(z, B%) x Shv (X, Perf-Mod)

with (A.9), which is symmetric monoidal by Lemma A.2.2.
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Remark A.2.8. By construction, for each ¢ € Z, the ¢-graded component €5 of €= is the
twist of ¢ by v(&) in the sense of §A.1.11.

On the other hand, the lax symmetric monoidal structure on €= depends on the symmetric
monoidal structure on v. For example, the monoidal product ® may be expressed as the
composition

(661)’/(51) ® (652)1/(&2) = (651 ® egz)V(fl)'W(iz)

®
= (€%, ey ene) = (CF7%2) (e,

where the first isomorphism is (A.11) and the last isomorphism is supplied by the monoidal
structure on v.

APPENDIX B. TWISTED /-ADIC SHEAVES

The goal of this section is to define and study ¢-adic constructible complexes twisted by a
gerbe, cf. §B.1.3. We will extend a number of standard results to the twisted setting. These
mainly concern universal local acyclicity (cf. Definition B.1.7) and hyperbolic localization
(¢f. Theorem B.3.4).

Although the main body of this article takes place over a field, we work over more general
base schemes in this section.

B.1. Definitions.

B.1.1. We work over a base scheme S, which is assumed quasi-compact quasi-separated with
finitely many irreducible components.?! Denote by Sch the category of such schemes.

Let ¢ be a prime invertible in S and e be a finite extension of Q. Let A be a finite
subgroup of €* of order invertible in S and write ¢ : A - e* for the inclusion.

Consider the sheaf theory of constructible étale sheaves of e-vector spaces, which we
understand as a functor of co-categories (cf. [HRS23, §3])

Sch®? - Perfe-Mod, X ~ D(X) := Deons(X, €). (B.1)
To a morphism f:X; - Xz in Sch, (B.1) assigns the functor f*: D(Xz2) - D(X1).
Remark B.1.2. By [HRS23, Theorem 7.7], the co-category D(X) coincides with the clas-
sically defined oco-category of ¢-adic constructible complexes over X.
In particular, we have the functor f; : D(X;) - D(Xz), whenever f is separated and
of finite presentation: We refer the reader to [LZ24, §3.4] for its construction as a functor

between oco-categories and to [AGV73, Exposé XVII, Théoreme 5.3.6] for the preservation
of constructibility. The functor f; admits a right adjoint f'.

B.1.3 Tuwisted (-adic sheaves. Denote by B2A the double deloop of A, viewed as a sheaf on
the big étale site of S.

The assignment (B.1) satisfies étale descent (c¢f. [HRS23, Corollary 4.7]), so the twisting
construction of §A.1 yields a functor of co-categories

(Sch/g2p)?? = Perfe-Mod, (X, 9) = Dg ¢(X) =T'(X,D(")g, ), (B.2)

where G¢ denotes the composition of §: X — B?A with the morphism ¢ : B2A — B2e*.
We refer to objects of Dg ¢(X) as (G, ()-twisted constructible complezes over X.

21\We use these conditions to ensure the existence of the relative perverse t-structure (cf. §B.1.12). For
our applications, it is (almost) sufficient to restrict to schemes of finite type over a field.
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Remark B.1.4. Since Dg ¢(X) is identified with D(X) once a neutralization of G is fixed,
and neutralizations of G exist étale locally, all étale-local notions about constructible com-
plexes extend to (G, ()-twisted constructible complexes.

In particular, given a morphism (X1,91) - (X2,92) in Sch/gz, whose first component
f: X1 > Xj is separated and of finite presentation, we have the exceptional adjunction

fi
Dg, ¢(X1) <T> Dg, ¢(X2)

constructed by descent along an étale cover of X5 trivializing Go.

B.1.5 The 2-category Ks. Next, we shall define universal local acyclicity for twisted com-
plexes. Since this is a étale-local notion, we can define it using Remark B.1.4. However, we
will offer a definition intrinsic to twisted complexes, by adapting [HS23, §3].

Write Kg for the 2-category?? whose objects are triples (X, G,.A), where X is a separated
S-scheme of finite presentation, § is an A-gerbe over X, and A € HoDg ¢(X).

A morphism

(X1,51,41) = (X2, G2, A2) (B.3)

in Kg consists of an object B € Ho D;*g (X1 xg X3) together with a morphism

1-7%G2,C
%1((7;*./41 ® ‘B) - A,

where %7 7 denote the projections of X; xg X5 onto X1, respectively X5. Note that morphisms
(B.3) form a category in the evident way, and their compositions are defined by convolution
product in B.

B.1.6. The 2-category Kg admits a symmetric monoidal structure, with monoidal product
(X1,91,41) ® (X2, 92, A2) i= (X1 xs X, 7°G1 + 7 Ga, A1 ®Ay)

and monoidal unit (S,0,e), where 0 stands for the trivial A-gerbe.
Internal Homs exist in Kg and are given by

Homus ((X1,51,41), (Xa, G2,42)) = (X1 xs X, 717Gy + 77 Ga, Hom(m Ay, T As)). (B.4)

Definition B.1.7. Given a separated S-scheme X of finite presentation and an A-gerbe §
over X, an object A € Dg ¢(X) is universally locally acyclic (ULA) relative to S if (X, §,A)
is dualizable as an object of Kg.

Remark B.1.8. The dualizability of (X, g, A) can be checked étale locally over X, where we
may assume that G is neutral. In that case, Definition B.1.7 coincides with [HS23, Definition
3.2]. Thus, our notion of ULA is equivalent to the classical notion over an étale cover of X
neutralizing G.

Remark B.1.9. The analogue of [HS23, Theorem 4.4] holds in our context, by repeating
the proof of loc.cit. or by applying Remark B.1.8.

In particular, the criterion of [HS23, Theorem 4.4(iv)] shows that when S is the spectrum
of an algebraically closed field, any A € Dg (X) is ULA relative to S.

221 is sufficient for our purposes to construct Kg as an ordinary 2-category.
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B.1.10 Verdier duality. Given a separated S-scheme X of finite presentation equipped with
an A-gerbe G, we define Verdier duality to be the functor

Dx/s : Dg¢(X) = D_g ¢(X)
A~ Hom(A,x'e),
where 7 : X - S denotes the structural morphism.

If A is ULA relative to S, then the dual of (X,G,A) € Kg is computed by (B.4) to
be (X,-G,Dx/s(A)). It follows that Dx/s(A) is also ULA relative to S and we have an
canonical isomorphism A ~ Dx/s(Dx/sA).

Since Kg is functorial with respect to (*-)pullbacks along S, we see that the formation of
Dx/s(A) for an ULA object A commutes with any base change along S.

Remark B.1.11. Given two ULA objects A, B € Dg ((X), we may express their internal
Hom in terms of duality and tensor product:
Hom (A, B) ~Dx/s(A® Dx/sB). (B.5)
Indeed, the canonical isomorphism Homgg (a,b) ~ Homks(a,1) ®b, for a:= (X,9,A),b:=
(X,9,B) € Kg, yields an isomorphism in Ho D(X):
Hom(A,B) ~ A'(Dx/s(A) & B), (B.6)

where A : X - X xg X is the diagonal embedding. Since Dx/5(A) and B are both ULA,
so is Dx/g(A) ® B (as it corresponds to a monoidal product in Kg). Then (B.5) follows by
rewriting the right-hand-side of (B.6) using the isomorphism A!DXXSX/S ~ Dy/sA*.

B.1.12 Relative perversity. Finally, we recall the relative perverse t-structure (cf. [HS23,
Theorem 6.1]), which adapts to twisted complexes without change.

Namely, given a finitely presented S-scheme X together with an A-gerbe G over X, there
is a t-structure on Dg (X) such that for any A € Dg ¢(X),

Ace pDé?C(X) < (i5)"Ae pDé?c(Xg) for any geometric point 5§ - S
Ae ng?C(X) < (i5)"Ae€ ng(’)C(Xg) for any geometric point § - S

where i3 : Xz := X xg & — X denotes the base change of 5 — S.
Here, the fiberwise perverse t-structure is defined either by repeating the classical defini-
tion, or equivalently by appealing to Remark B.1.8.

Remark B.1.13. The analogue of [HS23, Theorem 6.7] holds in our context. Note that its
proof shows that the perverse truncation functors preserve universal local acyclicity.

B.2. Vanishing by equivariance.

B.2.1. We remain in the context of §B.1.1. Let G be a group S-scheme of finite type with
connected geometric fibers.

Let § be an A-gerbe over BG. Denote by Dg (BG) the co-category of G-equivariant
objects of Dg ¢(S). For any geometric point 5 of S, we write G5 for the fiber of § at 5, which
is an A-gerbe over BGs.

Lemma B.2.2. Suppose that G5 is nontrivial for all geometric points s of S. Then

D\g’C(BG) ~ (.
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Proof. It suffices to prove that A € Dg (BG) has vanishing fiber at any geometric point §
of S. Thus, we may replace S by § and assume that S is itself a geometric point. Fixing a
neutralization of G along the base point of BG, we may assume that G is the deloop of a
nontrivial monoidal morphism x : G — BA.

Note that y is nontrivial as a plain morphism: Any morphism G x G - A which is trivial
along exG and Gxe is itself trivial, by connectedness of G. Denote by £, ¢ the 1-dimensional
e-local system over G induced from y along . We then have

H(G,Ly.¢) =0, (B.7)

as it is the space of invariants of a nontrivial character of 7¢(G, e).
Let us describe an object A € Dg ¢(BG) by its fiber A, along e, which is a constructible
complex of e-vector spaces, together with (the first piece of) its descent data:
e®A. =Ly ® A in D(G). (B.8)

If Hi(A.) # 0 for some i € Z, then by taking ith cohomology of (B.8) and choosing a
surjective character H'(A.) — e, we obtain nonzero global sections of L.¢, contradicting
(B.7). Thus, H(A.) ~ 0 for all i € Z and the complex A vanishes. O

B.2.3. We shall strengthen Lemma B.2.2 to a vanishing statement about compactly sup-
ported cohomology of twisted constructible complexes.

Let X be a separated S-scheme of finite presentation equipped with a G-action. Denote
by Dg ¢(X/G) the co-category of G-equivariant objects of Dg ¢(X), formed with respect to
the pullback of G along the structural morphism X/G — BG.

The structural morphism f: X — S defines a functor

fi:Dg¢(X) = Dg ¢(S), (B.9)

where the target is formed with respect to the pullback of § along e: S — BG.
The following statement includes Lemma B.2.2 as the special case for X = S.

Proposition B.2.4. Suppose that Gz is nontrivial for all geometric points s of S. Then
(B.9) vanishes on the essential image of Dg (X/G).

Proof. Consider the Cartesian square of stacks

X = X/G

L

S —— BG

By descent and base change, there is a functor
91:Dg ¢ (X/G) - Dg ¢ (BG)

related to (B.9) by the isomorphism e*g =~ fip*. Since Dg ((BG) ~ 0 (¢f. Lemma B.2.2), the
functor fip* vanishes, as desired. O

B.3. Hyperbolic localization.

B.3.1. We remain in the context of §B.1.1. Let X be a quasi-separated S-scheme locally of
finite presentation equipped with a G,,-action. Let § be an A-gerbe over X/G,,, which we
shall often view as a G,,-equivariant A-gerbe over X.



SPECTRAL DECOMPOSITION OF GENUINE CUSP FORMS 117

The G,,-action on X defines the attractor X*, the repeller X~, and the fiz point locus X°,
as S-presheaves parametrizing G,,-equivariant morphisms
X* = Mapsg,, (A", X)
X~ = Mapse,, (A", X)
X? := Mapsg,, (Speck, X)
were Al* (respectively A7) denotes the affine line over S endowed with the G,,-action
z-a:= za (respectively z-a:= z ta).
Our assumption on X implies that the G,,-action on X is étale locally linearizable, i.e. it
admits a G,,-equivariant étale cover by affine S-schemes (c¢f. [AHR25, Corollary 10.2]). It

follows that X*, X~, X° are represented by S-schemes locally of finite presentation (cf. [Ric19,
Theorem 1.8]), with X° being a closed subscheme of X.

B.3.2. We shall consider the following morphisms of S-schemes

where ¢*, ¢~ (respectively p*, p~) are defined by evaluation at 1 (respectively 0), and ¢*, i~
are defined by pullback along AY* - S, Ab~ - S.

The morphisms ¢*, i~ are closed immersions (¢f. [Ric19, Proposition 1.17]), and ¢*i* = ¢7i~
is the natural closed immersion of X° into X.

(B.10)

B.3.3. Writing GY for the restriction of G to XO7 we have canonical isomorphisms of A-gerbes
over X' and X™:

(¢")*G= (")’ (B.11)

(¢7)"G=(p)g" (B.12)

Indeed, given an R-point of X* represented by the G,,-equivariant morphism A" x
SpecR - X, the pullback of G to Al* x SpecR canonically descends to SpecR, so we obtain
an identification of its pullbacks along {1} x SpecR and {0} x SpecR. This yields (B.11).

The isomorphism (B.12) arises from the same analysis for X™.
Define the full subcategory of G,,-monodromic objects

Dg,¢(X)®™ ™" ¢ Dg ¢ (X)

to be the essential image of Dg ¢(X/G,,) under the pullback functor.
The main result of this subsection is the following twisted version of Braden’s hyperbolic
localization theorem (cf. [Bra03]). Its proof will be supplied in §B.3.10.

Theorem B.3.4. Suppose that X — S is separated and of finite presentation. There is a
canonical isomorphism of functors from Dg ¢ (X)E=™m" to Dgo (X°):

(@) = ()" (B.13)
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Remark B.3.5. The formation of (p*); and (¢”)' require p* and ¢~ to be separated and of
finite presentation. The morphism p* is affine (¢f. [Ric19, Corollary 1.12]), hence separated.
Our assumption on X implies that ¢~ is a monomorphism (cf. [Ric19, Remark 1.19]), hence
separated as well. Finite presentation follows from [Ric19, Theorem 1.8(iii)].

B.3.6. As in the untwisted setting (¢f. [DG14, §3.4]), Theorem B.3.4 can be strengthened
to a statement concerning quotient stacks.
Namely, we take the quotient of (B.10) by G,:

X'[Gy
N

X/G, ) X0/G,, (B.14)
N A
X-/G,,

without changing notation for the morphisms. There is a canonical morphism of functors
from Dg ¢(X/Gy,) to Dgo ¢(X°/Gy):

(P )(a")" = (" )«(a7), (B.15)

where Dg ¢(X/G,,) denotes the co-category of G,,-equivariant objects of Dg ¢(X) (and like-
wise for Dgo ¢(X"/G,y,)). The construction of (B.15) is a repetition of its untwisted analogue
(¢f. [Ricl9, Construction 2.2]).

To prove Theorem B.3.4, it suffices to show that (B.15) is an isomorphism. (More pre-
cisely, one constructs the functor (B.13) in one direction as in loc.cit. and uses its compati-
bility with (B.15) to achieve this reduction.)

B.3.7. Since G, acts trivially on X°, we have X°/G,, ~ X° x BG,,, so the quotient map
XY - X%/G,, admits a section s: X°/G,, - X°.
The Kummer Z(1)-gerbe over BG,, (c¢f. Remark 1.1.10) induces an isomorphism

Maps(X°,A(-1)) = Mapsyo/(X°/G,,, B*A). (B.16)

The A-gerbe G° ® 5*(5%xo0)™! over X°/G,,, defines a morphism X° — A(-1) under (B.16),
whose vanishing locus Y c X° is an open and closed subscheme.

By definition, the restriction of §° to Y°/G,, is pulled back along s: Y°/G,, - Y°. The
following observation is an application of [AHR25, Theorem 1.1].

Lemma B.3.8. Given a point y € Y°, there exists an affine S-scheme U with a G,,-action
and a Gy, -equivariant étale morphism f:U — X such that

(1) the image of f contains y;
(2) the pullback f*SG is G,,-equivariantly trivial.

Proof. The (total space of the) A-gerbe G over X/G,, is an algebraic S-stack satisfying
the hypotheses of [AHR25, Theorem 1.1]. Replacing y by a finite étale extension, we may
assume that it lifts to a point 7 of §. The residue gerbe G5 is non-canonically isomorphic to
BG,, x BA. Applying loc.cit. to the étale morphism

id x e : BG,,, - BG,,, x BA
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we may extend it to a Cartesian square of algebraic stacks

BG,, c U

e

BG,,xBA c §

where h is étale and U contains BG,,, as a closed substack.

The composition U LA G — BG,, restricts to the identity along BG,, c U, so by [AHR25,
Proposition 5.3], it becomes affine after shrinking U. The base change of h along the neutral
point S » BG,,, then yields a G,,-equivariant morphism U — §|x, where U is S-affine. The
composition f:U — G|x — X satisfies the desired properties. O

Remark B.3.9. The condition 3 € Y (as opposed to an arbitrary point of X°) in Lemma
B.3.8 is crucial: Even for X a geometric point equipped with the trivial G,,-action, a G,,-
equivariant A-gerbe over X may not be G,,-equivariantly trivial.

B.3.10. We are now ready to prove Theorem B.3.4, or rather, reduce it to hyperbolic local-
ization for untwisted constructible complexes (cf. [Ric19, Theorem 2.6]).

Proof of Theorem B.3.4. We shall prove that (B.15) is an isomorphism.
Recall the open and closed subscheme Y° ¢ X% (¢f. §B.3.7). By Lemma B.2.2, restriction
along Y% c X yields an equivalence of oo-categories

Dgo «(X°/Gyn) = Dgo ¢ (Y°/Gyy). (B.17)

By Lemma B.3.8, we find a family of G,,-equivariant étale morphisms f; : U; > X (i € I)
satisfying the following properties:

(1) each U; is S-affine;
(2) the pullback 7§ is G,,-equivariantly trivial;
(3) the union Y := User £:(U;) is an open subscheme of X containing Y°.

To prove that (B.15) is an isomorphism, we may replace X by any G,,-stable open sub-
scheme containing Y (for instance, Y): In view of (B.17), it suffices to show that both sides
of (B.15) are unchanged after this replacement. This can be seen from the “contraction
lemma” (cf. [DG15, Proposition 5.3.2]), i.e. isomorphisms of functors

P =G ()= (),
which remain valid for twisted complexes because they are of étale local nature over Y?,
and G° is G,,-equivariantly trivial over an étale cover of Y°.
After replacing X by Y, we may show that (B.15) is an isomorphism over the étale cover
fi: Ui = Y (i €I), where the G,,-equivariant triviality of each f;§ allows us to reduce the
statement to the untwisted (affine) case (cf. [Ricl9, §2.8]). O

B.4. Properties of Ly/s.

B.4.1. We continue in the context of §B.1.1 and let X be a separated S-scheme of finite
presentation equipped with a G,,-action. Let § be an A-gerbe over X/G,,.
Having proved Theorem B.3.4, we denote either side of (B.13) by
Lix/s : Dg ¢ (X)¥™" > Dgo ((X)

and call it the hyperbolic localization functor. In this subsection, we establish some properties
of Lx/s, which are all standard consequences of Theorem B.3.4.
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Lemma B.4.2. The formation of Lx;s commutes with *-and !-base changes in S.

Proof. Given a morphism S’ — S of schemes satisfying the conditions of §B.1.1, with induced
morphisms f : X’ := X xg S’ » X and f0 : (X°) := X xg S’ - X°, we need to construct
canonical isomorphisms

(f)*Lxs = Lo f7,

(f°)'Lxys = Lxrjs f.
These are immediate, by presenting Lx,g as (p*)i1(¢*)*, respectively (p7)«(q7)". O

Proposition B.4.3. The functor Lxg preserves universal local acyclicity relative to S.

Proof. Let A be an object of D97<(X)(G”"'m°n which is ULA relative to S. We want to prove
that Lx/s(A) € Dgo ¢(X°) is also ULA relative to S.

By Lemma B.4.2 and [HS23, Theorem 4.4] (which remains valid in our setting, ¢f. Remark
B.1.9), we may assume that S is the spectrum of of a rank-1 valuation ring with algebraically
closed fraction field and prove that the natural map (“cospecialization”)

i*Lxs(A) =i 25" Lxs(A) (B.18)

is an isomorphism. Here, i, j are the base changes of the inclusion of the special, respectively
generic point of S.

Recall that the formation of Lx;s commutes with i* and j* (¢f. Lemma B.4.2). It also
commutes with j, by presenting Lx/s as (p™).(¢q")". Therefore, (B.18) is identified with the
image of i*A — i*j,j*A under Lx/s, which is an isomorphism because A is ULA. g

B.4.4. Next, we study the interaction between Ly g and Verdier duality (cf. §B.1.10).

Denote by Ly /s the hyperbolic localization functor for X endowed with the inverted G,,-
action. Note that —§ is naturally G,,-equivariant with respect to the inverted action, and
we may present Ly /s 8s either of the isomorphic functors

- — —\* !
Lyg= (@ )(a) = (") (a")"
The Verdier duality functor Dx/g : Dg ¢(X) = D_g ¢(X) restricts to a functor on the full
subcategories of G,,-monodromic objects.

Proposition B.4.5. The following diagram is canonically commutative:

-mon _LX/3
Dg,c(X)G’" on DSD’C(XO)

lDX/S leo /s

X/

Gy -mon L 0
D_g ¢ (X)"m o —5 D_go ((X7)

Proof. For any object A of Dg ¢(X)®" ™" we have natural isomorphisms
Dxo/sLx/s(A) = Hom((p*)i(g") " A, wxos)
~ (p*)«Hom((¢")* A, (p") wxos)
~ (p*)«Hom((¢") A, (") wxys)
~ (P+)*(q+)!5{0m(ﬂaw)</s) ~ Ly /sDx/s(A)
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as desired. (Here, wy/s denotes the relative dualizing complex w'e for any separated mor-
phism 7 :Z — S of finite presentation.) O

APPENDIX C. RELATED WORKS

In this section, we indicate the relation between our version of the twisted geometric
Satake equivalence (¢f. Theorem 2.3.2) with its predecessors: [FL10, Theorem 2.9], [Reil2,
Theorem IV.8.3], [Lys14, Theorem 2.1], and [GL18, §9.2].

Since the works [FL10, Lys14] use the K-theoretic parametrization of covers of [BDO01],
we shall first recall this formalism in §C.1 in order to set the stage. Much of this material
already appears in [GL18, §3.4]. In §C.2-C.3, we discuss the aforementioned works on the
twisted geometric Satake equivalence in relation to our version. We also point out some
shortcomings in them.?® Finally, in §C.4, we sketch another proof of the semisimplicity of
the Satake category (cf. Corollary 3.3.7), communicated to the author by Gaitsgory.?*

C.1. Brylinski—Deligne covers.

C.1.1. Let S be a smooth scheme over a field. Denote by Ko the Zariski sheafification of
the S-presheaf sending SpecR — S to the second algebraic K-group K (R).

Given a smooth affine group S-scheme G, a Brylinski—Deligne cover (or an integral level)
of G is a central extension

1-Ky»E->G-1 (C.1)

of sheaves of groups on the (big) Zariski site of S.
Equivalently, a Brylinski-Deligne cover of G is a morphism of pointed Zariski stacks
BzarG — B2, Ko, where By,, is the deloop functor for Zariski stacks (cf. §0.4.3).

C.1.2. Let G be a reductive group S-scheme and N be an integer invertible over S.
Gaitsgory constructed an étale realization functor (c¢f. [Gai20, §6], [Zha22, §2.3])

R : Maps, (Bza:G, B7,.K2) - Maps, (BG, B*1$?), (C.2)

Zar

where B denotes the deloop functor for étale stacks, as in the main body of the text. In
particular, when uy is constant over S, every Brylinski-Deligne cover defines an étale level
valued in the abelian group A := ux(S).

Notably, when S is the spectrum of a local or global field F containing N distinct Nth
roots of unity, un is constant over S. This brings us to the setting of the Langlands—
Weissman program (cf. [GGW18]). In this setting, the construction of topological covers
factors through the étale realization functor (C.2) (¢f. [Zha22, Proposition 2.3.13]).

Remark C.1.3. In the setting of the Langlands—Weissman program, it is natural to compare
Weissman’s construction of the L-group (cf. [Weil8], assuming that G is quasi-split) with
our construction for its étale realization (formulated for function fields in §2.2.8).

As in [Weil8], our L-group is obtained from a Baer sum of extensions (¢f. Remark 2.2.9),
where the “first twist” is identified with Weissman’s meta-Galois twist (cf. Theorem 7.4.6)
and the “second twist” is obtained from the Z-linear morphism (2.30), whose construction
is valid over an arbitrary base scheme S over which uy is constant.

2330me of these shortcomings are known to experts. However, in putting them in writing, the author
assumes sole responsibility for any potential misrepresentation of these works.
24Any deficiency in the presentation of this proof is due to the author.
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In particular, our construction carries over to number fields, by replacing the “first twist”
by Weissman’s meta-Galois twist. What remains to be done is thus a comparison of (2.30)
with the construction of [Weil8, §3] over a general base. We leave this for future work.

C.1.4. Let us now work over a smooth curve X over a field k (¢f. §1.1.1). Let N be an
integer invertible in k. Denote by ¥ the reduction mod N of the Kummer map (¢f. Remark
1.1.10), assigning to a line bundle the un-gerbe parametrizing its Nth roots:

¥ : BG,, - B*ux.

We fix a Brylinski-Deligne cover (C.1) of a reductive group X-scheme G. According to
[Zha23, Corollary 3.4.7], there is an associated factorization central extension

1 - Gy Rran = LG - LG > 1 (C.3)

equipped with a splitting over L*G. Here, L*G, LG are the arc, respectively loop groups
over the Ran space (cf. §1.1.3).

Taking quotients of LG by the left and right L*G-actions defined by the above section,
we obtain a factorization line bundle

Lee = LTG\LG/L*G (C.4)

over the local Hecke stack Hecg, equipped with a multiplicative structure (in the sense of
§1.1.13, after replacing B*A by BG,,) induced from LG.?

C.1.5. Let us now assume further that uy is constant over k and fix an injective character
¢:pn(k) = Q, where £ is a prime invertible in k.

Applying the construction of the Satake category (cf. §1.3.7) with Gpec, replaced by
U (Lpecg ), We obtain a monoidal category

Saty ()¢ (Heea z) (C.5)

associated to any S-point z of Ran.

Concretely, objects of (C.5) are perverse ULA sheaves over the total space of Lpecq ,
(relative to S) which are G,,-equivariant against the character local system induced from C.
The monoidal structure on (C.5) is given by convolution with respect to the multiplicative
structure on Lyecy, -

Using the factorization structure on Liec,, we may lift the monoidal category (C.5), for
z the canonical map X' — Ran corresponding to a finite set I, to a symmetric monoidal
category following §1.3.12-§1.3.16. This results in a symmetric monoidal category

+Sat\p(L)7<(H€CG,I) (C6)
naturally associated to any finite set I.

C.1.6. In order to compare the Satake category (C.6) with the one introduced in §1.3 (for
the étale realization of the given Brylinski-Deligne cover), we need to compare ¥(Liece )
with the un-gerbe Guec, (cf. §1.1.7).

The following version of [GL18, Conjecture 3.4.5] is expected to be valid without the
assumption that py be constant, as long as N is invertible in k.26

25We remark that the construction of ITG, and consequently that of Lyecy, is significantly less direct
than that of Specy (cf §1.1.7). This makes it much harder to prove properties about Lyec -

26Although we constructed Gyec for coefficients in the constant sheaf A, the construction generalizes
verbatim for the locally constant sheaf of coefficients A := .
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Conjecture C.1.7. There is a canonical isomorphism of pux-gerbes over Hecg

\IJ(LHecc;) = 9HecG
compatibly with the factorization and multiplicative structures (cf. Proposition 1.2.11).

C.1.8. More functorially, we expect the following diagram to commute:

Maps*(BZarGa B%arK2) L Maps*(BG, B4/1‘§2)

l l (C.7)

Mapsg, .t (Hecg] , BRanGT[ﬁ] ) LN Mapsg, (Hecg] , BQRanu['] )

where the lower row consists of the spaces of factorization multiplicative line bundles, respec-
tively un-gerbes over Hecg, and the vertical arrows are given by [Zha23, Corollary 3.4.7],
respectively Proposition 1.2.11.

Let us indicate how one may obtain the commutativity of (C.7) by somewhat indirect
means. Note that the vertical arrows in (C.7) are equivalences: For the left vertical arrow,
this follows from [Zha23, Corollary 3.4.7], while for the right vertical arrow, this follows from
[GL18, Proposition 3.1.9] and [GL18, Proposition 7.2.5].

Therefore, in order to prove that (C.7) commutes, we may replace the vertical arrows by
their inverses. Then we may replace the top row by their classification data using [BDO1,
Theorem 7.2], respectively [Zha22, Theorem 5.1.13]. It then remains to show that the
resulting square commutes, which one reduces to the case of tori.

Remark C.1.9. The reason for the indirectness of this argument is that the left vertical
arrow in (C.7) lacks a “natural” definition (cf. the discussion in [Zha23, §4.5]). Namely, if it
can be constructed in the same spirit as our construction of Ggecy, then the commutativity
of (C.7) would be tautological.

C.1.10. Let us return to the context of §C.1.5 and assume the validity of Conjecture C.1.7.
We then have an equivalence of symmetric monoidal categories:

+Satq,(5)7<(HecG71) ~ +Sat97¢(HecG)1) (CS)

naturally in the finite set I.
In particular, one can reformulate our geometric Satake equivalence (¢f. Theorem 2.3.2)
in terms of the factorization line bundle Lgecy:

"Saty(c),c(Hecg 1) = Repyar (,19)er (C.9)
by composing (2.36) with (C.8).
C.2. [FL10] and [Lys14].
C.2.1. The general context for [FL10, Lys14] is that of §C.1.4-§C.1.5. However, these texts

present more assumptions. Let us first briefly indicate their roles.
In [FL10], two further assumptions are imposed:

(1) G is almost simple and simply connected,;
(2) the characteristic p of k does not divide 2h/d, where h is the dual Coxeter number
of G and d is defined as in [FL10, §2.1].
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The reason for (1) is that [FL10] constructs the central extension (C.3) only in this context
(¢f. [FL10, Proposition 2.2]). Note that op.cit. does not construct the factorization structure
on (C.4), but rather uses the factorization structure of its (2h/d)-power to construct the
commutativity constraint on the Satake category. This is responsible for assumption (2)
which, however, can be removed following [FL10, Remark 2.10].

In [Lys14], one encounters a series of input data concerning central extensions of LG by
G, Ran (cf. [Lysl4, §2.3]). The reason for this additional complication again has to do with
(C.3), which was not constructed in general at the time [Lys14] was written.

C.2.2 Fiber functor. Next, we mention an issue in the proof of [FL10, Theorem 2.9], which
is pointed out by Reich (¢f. [Reil2, §V.1]). Namely, the twisted Satake equivalence for tori
stated in [FL10, §4.2] is not a symmetric monoidal equivalence.

Let us explain the issue more precisely. Assume that G is split simple and simply con-
nected, endowed with a pinning T ¢ B ¢ G, g4 ~ G, (& € A) and a Brylinski-Deligne cover
(C.1). Let us also fix a square root Q'/2 of the canonical line bundle of X.

In this context, it is effectively stated in [FL10, §4.2] that we have an equivalence

Saty(c),¢(Heer 13) = Repry,, (C.10)

where Ty is the canonical maximal torus of H (i.e. the Langlands dual of T*), given by
restrictions along @™ : X — Hecr g1y for A e AF (cf. §3.1.2).%7
The same statement appears in [Lysl4, §3.2] with weaker assumptions on G.

C.2.3. Let us specialize to the example G = SLs equipped with the unique Brylinski-Deligne
cover whose quadratic form Q) takes value 1 on the simple coroot a € A.
The factorization line bundle Lyec, is then identified with the inverse of the determinant

line bundle. Namely, the pullback of Ly, along an R-point P° ~ P! of Hecg is the line
bundle det(P* | P?)®~1 where PY, P! are viewed as rank-2 vector bundles over D, identified

over Dz (cf. [Fal03, §2]). Here, the notation det(P! | P?) means the relative determinant
det(P' | P%) := det(L'/L) ® det(L°/L) ™,

where LY, L' are the lattices in the Tate R-module I‘(f)y PY) ~ I‘(f)g,Pl) defined by PY,
respectively P!, and L is a lattice contained in L° n L1,

The restriction Lecr = LHecg |Heer (Where T := G, is the diagonal maximal torus) admits
a canonical square-root as a factorization super line bundle:

LHGCT & (LTate)®2a (Cll)

where Lrate is the super line bundle over Hecg,  assigning det(£! @ Q'/? | £0 ®0'/2)®1 with

m

its natural Z/2-grading to an R-point £° = £1 of Hecg,, (¢f. [GL1S, §5.2.4]). The latter has
grading A mod 2 over the component of Hecg,, (11 corresponding to A € A ~ Z.

Let us take N = 2, so A = A, which we will identify with Z. It follows from (C.11) that
U (Lpeer ) is canonically isomorphic to the pullback of the sign gerbe along the reduction

2TWe use the notation T#, Ty, and H as in §2.1, but here these objects are obtained directly from the
combinatorial classification of Brylinski-Deligne covers. Namely, to (C.1), one may attach an integral Weyl-
invariant quadratic form Q on A (¢f. [BD01, Theorem 6.2]). Applying the constructions of §2.1 to Q mod N
then yields T!, Ty, and H.

Note that Q mod N coincides with the strict Weyl-invariant quadratic form associated to the étale real-
ization of (C.1) (cf. §2.1.3), in view of [BDO01, §6.1] and [Zha22, §5.2].
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mod 2 map €: A - Z/2 (¢f. [GL18, §4.9.1]). Consequently, we obtain an equivalence of
symmetric monoidal categories

Saty(e),¢c(Heer (1y) = “Repr,, (C.12)

where ‘Repr, is equivalent to Repr , as a A-graded monoidal category, but its commutativity
constraint is given by the isomorphism

VM VA2~ Vi @ VM
a®bm (-1)PCDpgq

for any two objects VM, V2 with A-gradings \;, respectively Ao.
There are no symmetric monoidal equivalences between “Repr,, and Repry, compatible
with the A-gradings, so the same applies to the two sides of (C.10).

Remark C.2.4. Assuming the validity of Conjecture C.1.7, we may also obtain an equiv-
alence (C.12) from (C.9) (for G=T and I = {1}).

Indeed, let u be the étale realization of the Brylinski—Deligne cover of §C.2.3. The restric-
tion of p to T ~ G, is canonically identified with the étale level of §7.4.5 (¢f. [Zha22, Lemma
5.1.19]). It follows that the Eo-monoidal morphism v : A - B*{+1} admits an E;-monoidal
trivialization, in terms of which the commutativity constraint of its fiber is given by the
pairing \; ® Ay = (=1)<C0<G2) on A @ A (cf. [SZ25, §2.2.9)).

Thus, we obtain a symmetric monoidal equivalence

RepTH’V =~ ERepTH,
and consequently (C.12), by composing with (C.9) and identifying v + ¢ with v using the

choice of QY2 (cf. Remark 2.1.22). We have not checked that this construction of (C.12)
coincides with the one of §C.2.3.

C.2.5. While the issue of §C.2.2 may seem innocuous, it causes a gap in the proof of [FL10,
Theorem 2.9]. Namely, because (C.10) is not symmetric monoidal, it is not possible to apply
the Tannakian formalism to *Saty ) ¢(Heca (13)-

We do not see a way to fill this gap without invoking the results of this text.

C.2.6 Semisimplicity. The work [FL10] refers to the proof of [Lys06, Proposition 11] for the
semisimplicity of the twisted Satake category.

However, the proof of [Lys06, Proposition 11] essentially states the the A-gerbe ¥(Liec,, )
(at least in the special case G = Sp,,, and N = 2) is trivial over the Demazure resolutions of
closures of Bruhat cells in the affine flag variety. This is not true.

For a concrete example, we may again consider the one of §C.2.3. Denote by Flg’m the
Bruhat cell in the affine flag variety Flg , at a k-point x of X, associated to an element w
of the (extended) affine Weyl group W2 (cf. §3.5). Write ﬁgz for its closure.

If w is a simple reflection, then ﬁ}’;}w coincides with its own Demazure resolution, and
is isomorphic to P! (cf. [Fal03, §3]). If we take w to be the simple reflection s associated
to the affine simple root, then the pullback of the determinant line bundle Liec, to ﬁSGI
is isomorphic to Op1(1) (¢f. [Fal03, Theorem 7]). This line bundle does not have a square
root, s0 U (Lec, ) is nontrivial over ﬁéx

Remark C.2.7. The above computation is consistent with Lemma 3.5.3, as the {+1}-gerbe
G there coincides with the pullback of W(Lpec, ). (This is a special case of Conjecture
C.1.7, but for the example at hand, it can be established directly.)
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C.3. [Reil2] and [GL18].

C.3.1. We now comment on Reich’s treatment of the twisted geometric Satake equivalence
[Reil2], along with further developments due to Gaitsgory and Lysenko [GL18]. In what
follows, we shall take G to be a split reductive group.

We first remark that Reich’s text [Reil2] is written in the complex analytic context, so
“gerbes” in op.cit. refers to C*-gerbes in the analytic topology.

The text [GL18] is written in the same context as ours (i.e. étale cohomology with torsion
coefficients), but its treatment of the Satake equivalence requires the characteristic p of the
ground field k to be coprime to the order of w1 (Gger) (¢f. Remark C.3.4 below).

C.3.2. The text [Reil2] contains three main results:
(1) the classification of factorization gerbes over Grg (cf. [Reil2, Theorem I1.7.3]);
(2) the proof that any factorization gerbe over Grg admits a canonical L* G-equivariance
structure, satisfying certain properties (c¢f. [Reil2, Theorem I11.2.10]);
(3) the construction of the geometric Satake equivalence [Reil2, Theorem IV.8.3] asso-
ciated to each factorization gerbe over Grg.

Note that in both [Reil2] and [GL18], results (1) & (2) are needed for the formulation of
the geometric Satake equivalence, because their authors use factorization gerbes over Grg
to parametrize covering groups (as opposed to étale levels, cf. §1.1.1).%8

In what follows, we will discuss the status of these three results in order.

C.3.3 Classification of factorization gerbes. The result [Reil2, Theorem I1.7.3] is incorrect
as stated, because the fiber sequence of loc.cit. does not split. Since its proof relies on an
incorrectly defined splitting, we do not see a way to fix it.

The correct classification of factorization gerbes over Grg appears as [GL18, Proposition
3.1.9]: This is the assertion that factorization gerbes over Grg are equivalent to étale lev-
els. In particular, it implies that the input data of our version of the Satake equivalence
(¢f. Theorem 2.3.2) are equivalent to those of [GL18, §9], except that we do not need the
condition that p is coprime to m1(Gger)-

Remark C.3.4. In [GL18], the condition on p is needed for the construction of the meta-
plectic dual data (¢f. [GL18, §6.2, Appendix A]).

It is unnecessary for us since our construction of the metaplectic dual data is different
from that of [GL18] and does not make use of the affine Grassmannian (cf. §2.1).

C.3.5 L*G-equivariance structure. The result [Reil2, Theorem II1.2.10] does not appear to
be adequately justified.

More precisely, in the proofs of [Reil2, Proposition II1.2.8] and [Reil2, Theorem I11.2.10],
the author applies the notion of “orders” of gerbes (¢f. [Reil2, §1.5]) along certain Cartier
divisors in indschemes to justify their extension properties. This relies on cohomological
purity of the Cartier divisors in question, which is not justified.

However, [GL18, §7.3] offers two constructions of the L*G-equivariance structure: One of
them is essentially restated in §1.1 of this text, but the other one uses different ideas.

C.3.6 Geometric Satake equivalence. Taking into account the corrections §C.3.3-C.3.5 of-
fered in [GL18], one may state Reich’s version of the geometric Satake equivalence as in

28As mentioned in the introduction, the idea of using étale levels to parametrize covering groups dates
much earlier: It first appeared in Deligne’s work [Del96].
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[GL18, §9.2]. However, op.cit. refers to [Reil2, Theorem IV.8.3] for its proof and there are
at least two issues with Reich’s proof:

(1) The proof of the semisimplicity of the pointwise Satake category (cf. [Reil2, Propo-
sition IV.6.13]) contains an error.
(2) It does not offer a correct construction of the fiber functor.

The issue with semisimplicity occurs in [GL18, Lemma IV.6.9], where the criterion for
equality there does not hold in general.

The issue with the fiber functor occurs in [GL18, Lemma IV.7.8], whose proof indicates
that the Zy-grading (denoted by X*(Z(Ggq)) in loc.cit.) on the twisted Satake category is
induced from its m; G-grading. We cannot make sense of this statement since the natural
map ZH — mG is not injective in general.

On the other hand, assuming the semisimplicity of the Satake category, one can obtain a
ZH—grading by coarsening its Af-grading. However, the ZH-grading obtained this way is not
obviously compatible with the monoidal structure. Thus, we do not know how to fix Reich’s
construction of the fiber functor without invoking the results of this text.

Remark C.3.7. As mentioned in §C.2.2 and §C.2.6, these two issues of the proof are already
present in [FL10], and at least one of them is explicitly pointed out by Reich.

Let us also acknowledge that Reich first observed the need to construct a Zy-grading on
the Satake category compatible with the monoidal structure, even though this may not have
been achieved in [Reil2].

C.4. Gaitsgory’s proof of semisimplicity.

C.4.1. Finally, let us sketch an unpublished proof due to Gaitsgory of the semisimplicity
of the twisted Satake category at a point (cf. Corollary 3.3.7). It avoids parity vanishing
(¢f. Proposition 3.4.8) and instead uses the Zy-grading of §5.3, combined with the method
of the proof of [FGV01, Theorem 3].

Let us return to the context of §3. Furthermore, we shall fix a k-point x of X and consider
the local Hecke stack Hecq at x, suppressing x from the notation. Our goal is to prove that
Satg ¢(Hecg) is semisimple.

C.4.2. First, we establish the following vanishing result: Given A € Ab* and (G, {)-twisted
lisse sheaves €1, €5 over x, we have

Ext!(IC*(&1),1C*(&2)) = 0, (C.13)

where IC? is the functor of §3.3.4.

To prove (C.13), we may choose a trivialization of G at x and reduce to the case where
&1, & are both the constant sheaf e. Then the argument of [Gai0l, Proposition 1] applies.
(Details may also be found in [Reil2, Lemma IV.6.6]).

Next, we need the following consequence of the Decomposition Theorem.

Proposition C.4.3 (Reich). Given A1, Ay € Ab* and Gn,, Gor, -twisted lisse sheaves &1,
&y over @, the convolution product ICM (&1) *IC)\Q(EQ) is a direct sum of objects of the form
IC*(&), for A e Ab* and G -twisted lisse sheaves & over .

C.4.4. Proposition C.4.3 is a reformulation of [Reil2, Lemma IV.6.11]. Note, however, that
the proof of loc.cit. uses a corollary of the problematic [Reil2, Lemma IV.6.9] (cf. §C.3.6),
but the problematic part (the criterion for equality) is not used.
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Let us write the conclusion of Proposition C.4.3 as an isomorphism

ICM (&) » IC™2 (&) ~ PICH(E) (C.14)
A

in Satg ¢(Hecg). We now need a consequence of the ZH—grading on the Satake category: By
Corollary 5.3.4 (and the proof of Proposition 5.3.3), all elements A € Ab* appearing in the
sum (C.14) share the same equivalence class in Zg as A1 + Aa.

C.4.5. Asin §6.1, we construct the untwisted Satake category "Satg ¢ (Heca)_(,+9) together
with the fiber functor w valued in finite-dimensional e-vector spaces.
Applying Tannakian formalism, we obtain a symmetric monoidal equivalence

"Satg ¢ (Hecq)—(v+9) = Repg, (C.15)

for some affine monoid e-scheme G. The rigidity of the Satake category (cf. Proposition
1.6.4) implies that G is an affine group e-scheme.

The construction of §6.4.4 yields a group subscheme Ty ¢ G, where Ty is the canonical
maximal torus of H. Write B for the group subscheme of G consisting of automorphisms of
w preserving the filtration defined by 2p, i.e. F*"w c w (n € Z) is the sum of components of
Th-weights A satisfying (29, A) > n.

C.4.6. Write € for the full subcategory of *Satg ¢(Hecg)_(,+9) generated by the images of
(the untwisted forms of) IC* (X € Ab*) under direct sums.

By (C.13), C is semisimple. Since "Satg ¢(Hecg)_(,+9) is generated by the images of
c* (A € Ab*) under extensions, € coincides with its marimal semisimple subcategory. By
Proposition C.4.3, € inherits a symmetric monoidal structure.

By Tannakian formalism, we have a symmetric monoidal equivalence € ~ Repg  for some
affine group scheme G4, equipped with a natural homomorphism

G > Grea. (C.16)

The morphism (C.16) is faithfully flat by [DM82, Proposition 2.21(a)]. Furthermore, the
proof of Lemma 6.4.3 shows that Gyeq is reductive and the proof of Lemma 6.4.5 shows that
the composition Ty = G — Gpeq realizes Ty as a maximal torus of Gyeq. Denote by Bieq
the image of B in G,eq, which is a Borel subgroup.

The following implication is the main insight of the proof.

Lemma C.4.7. Assuming that Ty c Bred € Greq and Ty c By c H define the same root
data, then (C.16) is an isomorphism.

Proof. Tt suffices to proving the vanishing statement
Ext! (IC* (e),1C*2(e)) ~ 0, (C.17)

for any A1, Ay € Ab*, where the Ext group is computed in *Satg ¢(Hecg)_(y4+9). Note that
the special case for A1 = Ag is known by §C.4.2. Moreover, by Proposition 5.3.3, (C.17) also
holds when Aq, As have distinct images in ZH, so let us assume that A\;, Ay have the same
image in Zy in what follows.

Note that we have an isomorphism

Ext!(IC™ (e),1C*2(e)) ~ Ext! (IC°(e), IC* (&) ® IC*2(e)), (C.18)
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where the monoidal dual ICM (e)” is a simple object of *Satg - (Heca)_(,+9) With Zy-grading
the image of —\; (¢f. Corollary 5.3.4). This implies that IC* (e)Y @ IC™ (e) is a direct sum
of objects of the form IC*(e), where A € Ab* has vanishing image in Zy (cf. §C.4.4).

It thus remains to prove (C.17) when A; = 0 and A2 belonging to the root lattice of H.
Since Ty € Breg € Greq and Ty € By © H are assumed to have the same root data, Ao belongs
to the root lattice of Greq. Applying [FGVO01, Lemma, 6.1.3] to G eq, we may realize 1CA2 (e)
as a summand of IC*(e)¥ x IC*(e), for some A € Ab*. Applying (C.18) again, we reduce to
the assertion (C.17) for A\; = A2, which is established in §C.4.2. O

C.4.8. We shall now show that the assumption of Lemma C.4.7 holds unconditionally.
This requires a minor modification of the proof of Proposition 6.4.7, because the con-
struction of Gyeq is a priori incompatible with constant term functors.

Lemma C.4.9. The triples Ty € Bred € Gred, T ¢ By c H define the same root data.

Proof. The case where G has a unique simple root is handled as in the proof of Proposition
6.4.7. For the general case, we fix a simple root & of G and write P for the corresponding
subminimal parabolic with Levi quotient M. The constant term functor induces a morphism
of affine group e-schemes
M - G. (C.19)
Applying Lemma C.4.7 to M, we find that M is a reductive group e-scheme with unique
simple root af and simple coroot &f. Then, the argument of Proposition 6.4.7 shows that
the composition M — Gyeq of (C.19) and (C.16) is a closed immersion, and consequently

yields the computation of the root data of Ty € Bred € Gred. O
Proposition C.4.10. The morphism (C.16) is an isomorphism.
Proof. This follows by combining Lemma C.4.7 and Lemma C.4.9. O

C.4.11. Proposition C.4.10 implies that G is reductive, thereby giving a new proof of the
semisimplicity of the Satake category (cf. Corollary 3.3.7).
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